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$EVWUDFW
:HUHSRUWRQWKHRULJLQRIHQHUJ\VKLIWVLQRUJDQLFSRODULWRQFRQGHQVDWHV7KHORFDOLVHGQDWXUHRI
)UHQNHO H[FLWRQV LQ PROHFXODU VHPLFRQGXFWRUV SUHFOXGHV LQWHUSDUWLFOH &RXORPE H[FKDQJH
LQWHUDFWLRQV±WKHODWWHUEHLQJWKHGRPLQDQWPHFKDQLVPIRUEOXHVKLIWVLQLQRUJDQLFVHPLFRQGXFWRU
PLFURFDYLWLHV WKDW EHDU :DQQLHU0RWW H[FLWRQV :H H[DPLQH WKH FRQWULEXWLRQ RI RSWLFDOO\
LQGXFHGFKDQJHRIWKHLQWUDFDYLW\QRQOLQHDUUHIUDFWLYHLQGH[JDLQLQGXFHGIUHTXHQF\SXOOLQJDQG
TXHQFKLQJRI WKH5DELVSOLWWLQJDVZHOODV WKHUROHRISRODULWRQH[FLWRQDQGSRODULWRQSRODULWRQ
VFDWWHULQJLQWKHHQHUJ\VKLIWRIWKHSRODULWRQPRGHDWFRQGHQVDWLRQWKUHVKROGLQVWURQJO\FRXSOHG
PROHFXODUG\HPLFURFDYLWLHV:HFRQFOXGHWKDWEOXHVKLIWVLQRUJDQLFSRODULWRQFRQGHQVDWHVDULVH
IURP WKH LQWHUSOD\ RI WKH VDWXUDWLRQ RI PROHFXODU RSWLFDO WUDQVLWLRQV DQG LQWHUPROHFXODU HQHUJ\
PLJUDWLRQ2XUPRGHOSUHGLFWV WKHFRPPRQO\REVHUYHGVWHSZLVHLQFUHDVHRIERWKWKHHPLVVLRQ
HQHUJ\DQGGHJUHHRIOLQHDUSRODULVDWLRQDWSRODULWRQFRQGHQVDWLRQWKUHVKROG
 
(OHFWURQLFH[FLWDWLRQVLQRUJDQLFVHPLFRQGXFWRUVFDQEHGHVFULEHGLQWHUPVRI)UHQNHOH[FLWRQVLQ
ZKLFK VWURQJO\ERXQG HOHFWURQKROH SDLUV DUH ORFDOL]HG RQ D VLQJOH PROHFXOH )UHQNHO H[FLWRQV
W\SLFDOO\KDYHDELQGLQJHQHUJ\RIWKHRUGHURIH9WKDWDOORZVWKHPWRVXUYLYHDWDPELHQW
WHPSHUDWXUHV )ROORZLQJ WKH ILUVW REVHUYDWLRQ RI VWURQJ FRXSOLQJ LQ RUJDQLF PLFURFDYLWLHV
0&V>@ WKH UDSLGGHYHORSPHQWRIRUJDQLFSRODULWRQLFVKDV FXOPLQDWHG LQ WKHREVHUYDWLRQRI
SRODULWRQFRQGHQVDWHVDWURRPWHPSHUDWXUH(PLVVLRQZDYHOHQJWKVVSDQQLQJWKHYLVLEOHVSHFWUXP
KDYH EHHQ GHPRQVWUDWHG WKURXJK WKH VHOHFWLRQ RI DSSURSULDWH PROHFXODU PDWHULDOV>±@
)XUWKHUPRUH SRODULWRQ FRQGHQVDWLRQ LQ RUJDQLF PLFURFDYLWLHV KDV OHG WR WKH GHPRQVWUDWLRQ RI
SRODULWRQ WUDQVLVWRUV RSHUDWLQJ DW DPELHQW FRQGLWLRQV KDYLQJ UHFRUGKLJK RSWLFDO JDLQ
aG%ȝP>@7KHFRKHUHQWQDWXUHRIRUJDQLFSRODULWRQFRQGHQVDWHVDOVRUHVXOWVLQVXSHUIOXLG
SURSDJDWLRQ>@VXJJHVWLQJIXUWKHUDSSOLFDWLRQVLQSRODULWRQFLUFXLWV

'HVSLWH WKH UDSLG SURJUHVV RI RUJDQLF SRODULWRQLFV DQG WKHLU SRWHQWLDO IRU DSSOLFDWLRQV WKH
PHFKDQLVPV XQGHUO\LQJ SRODULWRQ QRQOLQHDULWLHV UHPDLQ SRRUO\ XQGHUVWRRG ,Q RUJDQLF
VHPLFRQGXFWRUVWKHORFDOL]DWLRQRI)UHQNHOH[FLWRQVRQDVLQJOHPROHFXOHGUDPDWLFDOO\ZHDNHQV
&RXORPEH[FKDQJHLQWHUDFWLRQVDQGLQWHUSDUWLFOHVFDWWHULQJ7KHEOXHVKLIWRIDSRODULWRQPRGHLV
FRQVLGHUHG D NH\ PDQLIHVWDWLRQ RI SRODULWRQ LQWHUDFWLRQV LQ LQRUJDQLF PLFURFDYLWLHV>@
+RZHYHU LQ RUJDQLF SRODULWRQ V\VWHPV WKH RULJLQ RI D VWHSZLVH HQHUJ\VKLIW REVHUYHG DW
FRQGHQVDWLRQ WKUHVKROGV UHPDLQV XQFOHDU GHVSLWH LWV RPQLSUHVHQFH DFURVV D GLYHUVH UDQJH RI
RUJDQLFPDWHULDOV>±@

,QWKLVOHWWHUZHH[SORUHWKHRULJLQRIEOXHVKLIWVLQRUJDQLFSRODULWRQFRQGHQVDWHV:HH[DPLQH
WKH UHODWLYH FRQWULEXWLRQ RI DQXPEHU RI SURFHVVHV LQFOXGLQJ RSWLFDOO\ LQGXFHG FKDQJHV RI WKH
LQWUDFDYLW\ QRQOLQHDU UHIUDFWLYH LQGH[ JDLQ LQGXFHG IUHTXHQF\SXOOLQJ SRODULWRQH[FLWRQ DQG
SRODULWRQSRODULWRQVFDWWHULQJDVZHOODVWKHTXHQFKLQJRIWKH5DELVSOLWWLQJGXHWRWKHVDWXUDWLRQ
RIPROHFXODURSWLFDOWUDQVLWLRQV7KURXJKDTXDQWLWDWLYHDQDO\VLVZHFRQFOXGHWKDWWKHEOXHVKLIWV
LQRUJDQLFSRODULWRQFRQGHQVDWHVDQGWKHVWHSZLVHHQHUJ\LQFUHDVHREVHUYHGDWWKUHVKROG>±@
UHVXOW IURP DQ LQWHUSOD\ EHWZHHQ VWLPXODWHG UHOD[DWLRQ WR WKH SRODULWRQ JURXQGVWDWH DQG
LQWHUPROHFXODUHQHUJ\WUDQVIHU7KHODWWHUSURFHVVUHVXOWVLQDGHSRODUL]DWLRQRIWKHHPLVVLRQZLWK
UHVSHFW WR WKH SRODUL]DWLRQ RI WKH H[FLWDWLRQ EHDP 2XU LQWHUSUHWDWLRQ LV TXDOLWDWLYHO\ DQG
TXDQWLWDWLYHO\ FRUURERUDWHG E\ D FRQFRPLWDQW VWHSZLVH LQFUHDVH RI WKH GHJUHH RI OLQHDU
SRODUL]DWLRQRIWKHHPLVVLRQDWFRQGHQVDWLRQWKUHVKROG>@
7KHRUJDQLFPLFURFDYLWLHVVWXGLHGKHUHFRQVLVWHGRIDaȜVSLQFDVW WKLQILOPRI%2',3<*
G\H XQLIRUPO\ GLVSHUVHG LQ D SRO\VW\UHQH PDWUL[ WKDW ZDV SRVLWLRQHG EHWZHHQ WZR GLVWULEXWHG
%UDJJ UHIOHFWRUV '%5V FRQVLVWLQJ RI  DQG  SDLUV RI 6L21E2 SODFHG RQ WKH WRS DQG
ERWWRPRIWKHVWUXFWXUHUHVSHFWLYHO\)RUPRUHLQIRUPDWLRQDERXWVDPSOHIDEULFDWLRQVHH6HFWLRQ
,LQ6XSSOHPHQWDO0DWHULDOV60:HKDYHIRXQGWKDWWKHVSLQFDVWLQJSURFHVVXVHGWRGHSRVLW
WKHRUJDQLFILOPUHVXOWVLQDJUDGXDOLQFUHDVHRIILOPWKLFNQHVVWRZDUGVWKHHGJHVRIWKHVXEVWUDWH
ERWWRPPLUURU:HXVHWKLVQRQXQLIRUPLW\WRDFFHVVDEURDGUDQJHRIH[FLWRQSKRWRQGHWXQLQJ
į
:HPHDVXUHDQJOHUHVROYHGUHIOHFWLYLW\RIDW\SLFDOPLFURFDYLW\DVVKRZQLQ)LJD+HUHERWK
XSSHU DQG ORZHU SRODULWRQ EUDQFKHV FDQ EH REVHUYHG DV ORFDO PLQLPD LQ WKH EURDG '%5
UHIOHFWLYLW\VWRSEDQGWKDWDUHVSOLWDURXQGWKH%2',3<*SHDNDEVRUSWLRQZDYHOHQJWKDW
QP)RUIXUWKHUH[SHULPHQWDOGHWDLOVVHH6HFWLRQ,,LQ60:HSORWWKHHQHUJ\RIWKHVHPRGHVDV
DIXQFWLRQRIDQJOHFUHDWLQJDGLVSHUVLRQSORWDVVKRZQLQ)LJEUHGVTXDUHV7KLVGDWDLV
VXSHULPSRVHG RYHU D IDOVHFRORU SORW RI SRODULWRQ SKRWROXPLQHVFHQFH LQWHQVLW\ REWDLQHG XQGHU
QRQUHVRQDQW H[FLWDWLRQ DW QP LQ WKH OLQHDU H[FLWDWLRQ UHJLPH :H ILW WKHXSSHU DQG ORZHU
SRODULWRQ EUDQFKHV LQ )LJ E XVLQJ D WZR FRXSOHGRVFLOODWRU PRGHO>@ DQG REWDLQ D
YDFXXP5DELVSOLWWLQJʄȍRIaPH9DQGDQH[FLWRQSKRWRQGHWXQLQJRIPH9IXUWKHU
GHWDLOVDUHJLYHQLQ6HFWLRQ,,,RIWKH60

),*  6WURQJ OLJKWPDWWHU LQWHUDFWLRQ LQ G\HILOOHG PLFURFDYLWLHV D $QJOHGHSHQGHQW UHIOHFWLYLW\ VSHFWUD RI
WKH PLFURFDYLW\ UHFRUGHG DW  EOXH  EODFN DQG  UHG GHJUHHV H[KLELW FOHDU DQWLFURVVLQJ DW WKH
H[FLWRQUHVRQDQFHHQHUJ\Ex JUHHQGRWWHG OLQHDQG LQGLFDWH IRUPDWLRQRI ORZHU /3%JUHHQGDVKHG OLQHDQG
XSSHU 83% JUHHQ GDVKHG OLQH H[FLWRQSRODULWRQV EUDQFKHV 3RODULWRQ GLVSHUVLRQ UHODWLRQ LQ E LV SORWWHG E\
FRPELQJWKHGDWDRISKRWROXPLQHVFHQFHLPDJLQJDFTXLUHGLQD)RXULHUVSDFHUDLQERZFRORUGHQVLW\SORWLQDORJ
VFDOHZLWKWKHSRODULWRQVWDWHVH[WUDFWHGIURPDQJOHGHSHQGHQWUHIOHFWLYLW\PHDVXUHPHQWVUHGVTXDUHV)LWVWRWKH
/3%DQG 83% WRJHWKHUZLWK WKH FDYLW\ PRGHEc DQGHQHUJ\RI H[FLWRQ UHVRQDQFHEx DUH VKRZQ DVZKLWHGDVKHG
FXUYHV.7KHFKHPLFDOVWUXFWXUHRI%2',3<*G\HLVVKRZQDVDQLQVHWLQD
5HFHQW VWXGLHV KDYH VKRZQ WKDW D QXPEHU RI WKH %2',3< IDPLO\ RI PROHFXODU G\HV XQGHUJR
SRODULWRQ FRQGHQVDWLRQODVLQJ IROORZLQJ QRQUHVRQDQW RSWLFDO H[FLWDWLRQ>@ 7R GHPRQVWUDWH
FRQGHQVDWLRQ XVLQJ %2',3<* ZH UHFRUG WKH GLVSHUVLRQ RI SRODULWRQ SKRWROXPLQHVFHQFH
HPLVVLRQ DV D IXQFWLRQ RI H[FLWDWLRQ GHQVLW\ XVLQJ VLQJOH H[FLWDWLRQ SXOVHV LQ D WUDQVPLVVLRQ
FRQILJXUDWLRQVHH6HFWLRQ,, LQ607KHH[FLWDWLRQ ODVHUXVHGSURYLGHVSVSXOVHVDWQP
KDYLQJ D KRUL]RQWDO SRODUL]DWLRQ )LJ D VKRZV WKH WLPHLQWHJUDWHG SRODULWRQ
SKRWROXPLQHVFHQFHGLVWULEXWHGDFURVVWKHORZHUSRODULWRQEUDQFKEHORZFRQGHQVDWLRQWKUHVKROG
)LJ E VKRZV PLFURFDYLW\ HPLVVLRQ DERYHWKUHVKROG ZKHUH LW FDQ EH VHHQ WKDW SRODULWRQ
SKRWROXPLQHVFHQFHFROODSVHVWRWKHERWWRPRIWKHORZHUSRODULWRQEUDQFK,Q)LJFZHSORWWKH
SKRWROXPLQHVFHQFHLQWHQVLW\DQGWKHIXOOZLGWKDWKDOIPD[LPXPRIWKHHPLVVLRQOLQHZLGWKULJKW
D[LVLQUHGLQWHJUDWHGRYHUÛȝPíDURXQGQRUPDOLQFLGHQFHYHUVXVH[FLWDWLRQGHQVLW\
7KHFRUUHVSRQGLQJHQHUJ\VKLIW DQG WKHGHJUHHRI OLQHDUSRODUL]DWLRQRI WKHHPLVVLRQ VSHFWUXP
DUHDOVR VKRZQ LQ)LJVGDQG H UHVSHFWLYHO\$WDQH[FLWDWLRQGHQVLW\RIaP-FP 
ȝ-FP RI DEVRUEHG SXPS IOXHQFH ZH REVHUYH D UDSLG LQFUHDVH RI WKH SKRWROXPLQHVFHQFH
LQWHQVLW\DFRQFRPLWDQWOLQHZLGWKQDUURZLQJIURPQPWRQPDQGDVWHSZLVHLQFUHDVHRI
WKH GHJUHH RI OLQHDU SRODUL]DWLRQ DQG D VWHSZLVH EOXHVKLIW RI WKH HPLVVLRQ VSHFWUXP 6XFK
EOXHVKLIWV RI WKH SRODULWRQ HPLVVLRQ ZDYHOHQJWK RFFXUULQJ DURXQG D ODVLQJ WKUHVKROG DUH
FRQVLGHUHGDKDOOPDUNRISRODULWRQFRQGHQVDWLRQ,QLQRUJDQLFVHPLFRQGXFWRUPLFURFDYLWLHVVXFK
HQHUJ\VKLIWVRULJLQDWHIURPWKHUHSXOVLYHLQWHUSDUWLFOH&RXORPEH[FKDQJHLQWHUDFWLRQVEHWZHHQ
:DQQLHU0RWWH[FLWRQV>@+RZHYHUVXFKLQWHUDFWLRQVDUHLQSULQFLSOHSUHFOXGHGLQSRODULWRQV
FUHDWHG XVLQJ PROHFXODU VHPLFRQGXFWRUV DV D UHVXOW RI WKH KLJKO\ ORFDOL]HG QDWXUH RI )UHQNHO
H[FLWRQV>@
7R H[SORUH WKH PHFKDQLVP EHKLQG VXFK EOXHVKLIWV ZH H[DPLQH WKH FRQWULEXWLRQ RI YDULRXV
QRQOLQHDU RSWLFDO SKHQRPHQD RPQLSUHVHQW ERWK LQ WKH VWURQJ DQG ZHDNFRXSOLQJ UHJLPHV
QDPHO\WKDWRIDQRSWLFDOO\LQGXFHGFKDQJHRIWKHLQWUDFDYLW\QRQOLQHDUUHIUDFWLYHLQGH[DQGRI
JDLQLQGXFHGIUHTXHQF\SXOOLQJ

),*1RQHTXLOLEULXPSRODULWRQFRQGHQVDWLRQ1RUPDOL]HGE,k SRODULWRQSRSXODWLRQSKRWROXPLQHVFHQFHLPDJHV
UHFRUGHG XVLQJ )RXULHUVSDFH LPDJLQJ EHORZ DW 3WK D DQG DERYH FRQGHQVDWLRQ WKUHVKROG DW 3WK E
'DVKHGUHGFXUYHVVKRZORZHUSRODULWRQEUDQFKGLVSHUVLRQLQWKHOLQHDUUHJLPHF3KRWROXPLQHVFHQFHLQWHQVLW\
DWN__(?a(? LQWHJUDWHG LQ WKH UDQJHRYHU(?ȝPí EODFNVTXDUHVDQG IXOOZLGWKDWKDOIPD[LPXP):+0UHG
VTXDUHVDQGGHQHUJ\RIWKHJURXQGSRODULWRQVWDWHYHUVXVSXPSSRZHU7KHVXSHUOLQHDULQFUHDVHDQGIROG
OLQHQDUURZLQJWRJHWKHUZLWKKLJKHQHUJ\VKLIWRIWKHSRODULWRQJURXQGVWDWHREVHUYHGDERYHWKUHVKROGDUHZHOO
NQRZQKDOOPDUNVRIQRQHTXLOLEULXPSRODULWRQFRQGHQVDWLRQH'HJUHHRIOLQHDUSRODUL]DWLRQEOXHVTXDUHVDVD
IXQFWLRQRISXPSSRZHULQGLFDWLQJWKDWWKHFRQGHQVDWHLQKHULWVWKHSRODUL]DWLRQRIWKHSXPSEHDP6ROLGFXUYHV
LQ FGH UHSUHVHQW QXPHULFDO VLPXODWLRQV RI WLPHLQWHJUDWHG SKRWROXPLQHVFHQFH WKH JURXQG VWDWH HQHUJ\ DQG
GHJUHHRIOLQHDUSRODUL]DWLRQDVIXQFWLRQVRISXPSSRZHUUHVSHFWLYHO\7KHUHGGDVKHGFXUYHLQFLVDJXLGHIRU
WKHH\H
$ VWHSZLVH LQFUHDVH LQ WKH LQWHQVLW\ RI WKH HOHFWULF ILHOG LQVLGH WKH FDYLW\ DW FRQGHQVDWLRQ
WKUHVKROG GHWHUPLQHG DW WKH ORZHU SRODULWRQ PRGH ZDYHOHQJWK FRXOG SRWHQWLDOO\ VKLIW WKH
UHVRQDQFH WKURXJK D FKDQJH LQ WKH QRQOLQHDU UHIUDFWLYH LQGH[ RI WKH LQWUDFDYLW\ PDWHULDO 7R
H[DPLQH WKHFRQWULEXWLRQRI WKH(ILHOG LQGXFHGGLIIHUHQFH LQ WKH UHIUDFWLYH LQGH[ZHPHDVXUH
WKHRSWLFDOQRQOLQHDULWLHVRIWKHEDUHLQWUDFDYLW\PHGLXPXVLQJERWKDFORVHGDQGRSHQDSHUWXUH
=VFDQWHFKQLTXH>@VHHGHWDLOVLQ6HFWLRQ,,LQ60)LJDVKRZVDQRSHQDSHUWXUH=VFDQ
WUDQVPLVVLRQ UHFRUGHG DW WZR SXOVH HQHUJLHV SURELQJ WKH LPDJLQDU\ SDUW RI WKH QRQOLQHDU
VXVFHSWLELOLW\:HILQGWKDWDWWKHORZHULQFLGHQWSXOVHHQHUJ\RIQ-ZHGRQRWREVHUYHDQ\
QRQOLQHDUFKDQJHRIWKHDEVRUSWLRQ:HQRWHWKDWDWWKHIRFLWKHQ-H[FLWDWLRQSXOVHLQGXFHV
DQ HOHFWULFILHOG LQWHQVLW\RI*:FP DYDOXH WKDW LV DSSUR[LPDWHO\ DQRUGHURI PDJQLWXGH
JUHDWHU WKDQ WKH HOHFWULFILHOG LQWHQVLW\ DW WKH DQWLQRGHZLWKLQ WKHPLFURFDYLW\ DW FRQGHQVDWLRQ
WKUHVKROGa*:FPFDOFXODWLRQVKRZQLQ6HFWLRQ,9LQWKH60$WWKHFRQVLGHUDEOHKLJKHU
LQWHQVLW\RI*:FPDWWKHIRFLRIWKHEHDPZHREVHUYHDQRSWLFDOQRQOLQHDULW\LQWKHIRUP
RIUHYHUVHVDWXUDEOHDEVRUSWLRQ
7KHFORVHGDSHUWXUH=VFDQPHDVXUHPHQWVSUHVHQWHGLQ)LJESURYLGHVDPHDVXUHRIWKHUHDO
SDUWRI WKHQRQOLQHDURSWLFDOVXVFHSWLELOLW\+HUHZHGRQRWGHWHFWDQ\FKDQJHLQ WKHQRQOLQHDU
UHIUDFWLYH LQGH[ ZKHQ SXPSLQJ DW WKH ORZHU LQFLGHQW SXOVH HQHUJ\ +RZHYHU DW WKH KLJKHU
LQFLGHQWLQWHQVLW\RI*:FPZHILQGWKDWWKHPDWHULDOH[KLELWVDZHDNVHOIIRFXVLQJHIIHFW
IURP ZKLFK ZH GHWHUPLQH D SRVLWLYH QRQOLQHDU UHIUDFWLYH LQGH[ Q RI a ?Ǥ ? ?  ?  ? ?ିଵସ FP:
FDOFXODWLRQVKRZQLQ6HFWLRQ,9LQ60:HQRWHWKDWHYHQLIVXFKKLJKHOHFWURPDJQHWLFILHOGV
FRXOGEHJHQHUDWHGZLWKLQDPLFURFDYLW\WKHSRVLWLYHYDOXHRIQWKDWZHGHWHUPLQHZRXOGLQGXFH
D UHGVKLIW:HFRQFOXGH WKHUHIRUH WKDWDQRSWLFDOO\ LQGXFHGFKDQJHRI WKH LQWUDFDYLW\QRQOLQHDU
UHIUDFWLYHLQGH[LVQRWUHVSRQVLEOHIRUWKHEOXHVKLIWREVHUYHGDWFRQGHQVDWLRQWKUHVKROG

),*1RQOLQHDURSWLFDOVXVFHSWLELOLW\RI WKHQHDWILOPD2SHQDSHUWXUHDQGEFORVHGDSHUWXUH=VFDQGDWD
PHDVXUHG DW WZR GLIIHUHQW LQFLGHQW SXPS HQHUJLHV  Q- EODFN FLUFOHV DQG  Q- UHG UKRPEV 7KH ILWWLQJ
FXUYHV UHG GDVKHG LQ D DQG E FRUUHVSRQG WR ܫ݉ൣ߯ሺଷሻ൧ ൌ  ?Ǥ ? ? ൈ  ? ?ିଶ଴ ݉ଶ ܸଶ ?  DQG ܴ݁ൣ߯ሺଷሻ൧ ൌ  ?Ǥ ? ? ൈ ? ?ିଶ଴ ݉ଶ ܸଶ ? UHVSHFWLYHO\
:HQRZFRQVLGHUZKHWKHUJDLQLQGXFHGIUHTXHQF\SXOOLQJFRXOGEHUHVSRQVLEOHIRUWKHEOXHVKLIW
DWFRQGHQVDWLRQWKUHVKROG7KLVPHFKDQLVPLVH[SHFWHGWREHSDUWLFXODUO\LPSRUWDQWLQQHJDWLYHO\
GHWXQHGPLFURFDYLWLHVLQZKLFKWKHSRODULWRQPRGHKDVDODUJHSKRWRQLFIUDFWLRQ:HFKDUDFWHULVH
WKHVSHFWUDOGLVWULEXWLRQRIWKHRSWLFDOJDLQE\UHFRUGLQJDPSOLILHGVSRQWDQHRXVHPLVVLRQ$6(
IURPDFRQWUROQRQFDYLW\ILOPRI%2',3<*G\HPROHFXOHVGLVSHUVHGLQDSRO\VW\UHQHPDWUL[
VHHH[SHULPHQWDOPHWKRGVLQ6HFWLRQ,,LQ60$W\SLFDO$6(VSHFWUXPLVSORWWHGLQ)LJD
>UHGOLQH@ZKHUHLWFDQEHVHHQWKDW WKHHPLVVLRQFRUUHVSRQGLQJWRWKHSHDNRIRSWLFDOJDLQLV
SHDNHGDURXQGH9QP
:HH[SORUHWKHH[WHQWWRZKLFKJDLQLQGXFHGIUHTXHQF\SXOOLQJDIIHFWVWKHFRQGHQVDWH¶VEOXHVKLIW
E\ WXQLQJ WKH IUHTXHQF\ RI WKH ORZHU SRODULWRQ EUDQFK DFURVV WKH RSWLFDO JDLQ VSHFWUXP 6XFK
WXQDELOLW\ LQ WKH ORZHU SRODULWRQ EUDQFK ZDYHOHQJWK LV SRVVLEOH WKURXJK WKH YDULDWLRQ LQ WKH
WKLFNQHVV RI WKH LQWUDFDYLW\ ILOP DFURVV WKH VDPSOH 7KLV HIIHFW DOORZV XV WR H[SORUH SRODULWRQ
FRQGHQVDWLRQ RYHU D EURDG UDQJH RI H[FLWRQSKRWRQ GHWXQLQJ FRQGLWLRQV )LJ E VKRZV WKH
PHDVXUHG HQHUJ\VKLIW IRU a VLQJOHVKRW PHDVXUHPHQWV RI SRODULWRQ FRQGHQVDWLRQ DW D ZLGH
UDQJH RI GLIIHUHQW SRODULWRQ JURXQG VWDWH HQHUJLHV )RU HDFK PHDVXUHPHQW WKH HQHUJ\VKLIW LV
GHILQHGE\ FRPSDULQJ WKH HQHUJ\ RI WKH HPLVVLRQ EHORZ DQG DERYH WKUHVKROG +HUH ZH DYRLG
DYHUDJLQJRYHUWKHLQWHQVLW\IOXFWXDWLRQVRIWKHODVHUE\XWLOLVLQJDVLQJOHVKRWGLVSHUVLRQLPDJLQJ
WHFKQLTXH ,Q )LJ D ZH VXSHULPSRVH WKH PHDVXUHG EOXHVKLIW XVLQJ WKH 6WXUJH ELQQLQJ UXOH
ZLWK WKH DPSOLILHG VSRQWDQHRXV HPLVVLRQ VSHFWUXP IRU GHWDLOV VHH 6HFWLRQ ,,, LQ 60 ,W LV
DSSDUHQWWKDWDWFRQGHQVDWLRQWKUHVKROGWKHUHFRUGHGHQHUJ\VKLIWVDUHDOZD\VSRVLWLYHDQGWKXV
ZHFRQFOXGHWKDWWKHEOXHVKLIWLVQRWLQGXFHGE\JDLQIUHTXHQF\SXOOLQJ

),*%OXHVKLIWDQGRSWLFDOJDLQVSHFWUDD7KHDPSOLILHGVSRQWDQHRXVHPLVVLRQVSHFWUXPDQGWKHEOXHVKLIW ?ܧ
H[WUDFWHG IURP WKH ELQQLQJ RI VFDWWHULQJ SORW E WKDW VKRZV VLQJOHVKRW EOXHVKLIW UHDOL]DWLRQV DFURVV WKH ZKROH
VDPSOH DUHD F 9DFXXP 5DEL VSOLWWLQJ ƫȍ DQG G GHWXQLQJ į H[WUDFWHG IURP WKH PXOWLSOH DQJOHGHSHQGHQW
UHIOHFWLYLW\ PHDVXUHPHQWV FDUULHG RXW DFURVV WKH VDPSOH DUHD 7KH 5DEL VSOLWWLQJ UHPDLQV FRQVWDQW DFURVV WKH
ZKROH VDPSOH DUHD ZLWK DQ DYHUDJH YDOXH RI    PH9 UHG GDVKHG FXUYH H 7KH H[FLWRQ IUDFWLRQหܺ௞צୀ଴หଶ RI WKH SRODULWRQ ZDYH IXQFWLRQ DW ݇צ ൌ  ? FDOFXODWHG IURP ƫȍ  DQG į VKRZQ DERYH LQ F DQG G
UHVSHFWLYHO\ 5HG GDVKHG FXUYHV LQ G DQG H FRUUHVSRQG WR DQDO\WLFDO ILW IXQFWLRQV IRU į DQG หܺ௞צୀ଴หଶ
UHVSHFWLYHO\
:HQRZLQYHVWLJDWHWKHSRVVLEOHFRQWULEXWLRQRISRODULWRQH[FLWRQDQGSDLUSRODULWRQVFDWWHULQJLQ
GHWHUPLQLQJ WKH REVHUYHG EOXHVKLIW DW FRQGHQVDWLRQ WKUHVKROG ,Q VHPLFRQGXFWRU PLFURFDYLWLHV
FRQWDLQLQJ:DQQLHU0RWWH[FLWRQVWKHH[SHULPHQWDOO\REVHUYHGHQHUJ\VKLIWV'EDUHDWWULEXWHG
WRDFRPELQDWLRQRISDLUSRODULWRQgp-pNpDQGSRODULWRQH[FLWRQgp-xNxLQWHUDFWLRQWHUPV7KLV
LVVXPPDUL]HGE\WKHIROORZLQJHTXDWLRQ>@
 ?ܧ ൌ ௣݃ି௣  ? ௣ܰ ൅ ݃௣ି௫  ? ௫ܰ    
ZKHUH WKH SDLUSRODULWRQ VFDWWHULQJ LQWHUDFWLRQ FRQVWDQW FDQ EH UHODWHG WR WKH H[FLWRQH[FLWRQ
VFDWWHULQJFRQVWDQW݃௫ି௫XVLQJ݃௣ି௣ ൌ ݃௣ି௫  ?ȁܺȁଶ ൌ ݃௫ି௫  ?ȁܺȁସZKHUHX LV WKHDPSOLWXGHRI
WKH H[FLWRQIUDFWLRQ WKDW LV PL[HG LQWR D SRODULWRQ VWDWH DQG Np DQG NX DUH WKH SRODULWRQ DQG
H[FLWRQ UHVHUYRLU GHQVLWLHV UHVSHFWLYHO\ 6LQFH WKH RFFXSDQF\ RI SRODULWRQV DW FRQGHQVDWLRQ
WKUHVKROGGRHVQRWGHSHQGRQWKHH[FLWRQIUDFWLRQWKHPHDVXUHGGHSHQGHQFHRIWKHHQHUJ\VKLIW
YVWKHVTXDUHRIWKHDPSOLWXGHRIWKHH[FLWRQIUDFWLRQȁܺȁଶVKRXOGUHYHDOZKHWKHUWKHEOXHVKLIWLV
GRPLQDWHGE\SDLUSRODULWRQRUSRODULWRQH[FLWRQLQWHUDFWLRQV
7R GHWHUPLQH WKH GHSHQGHQFH RI WKH PHDVXUHG EOXHVKLIW VKRZQ LQ )LJ E YV WKH H[FLWRQ
IUDFWLRQ ZH QHHG ILUVW WR GHVFULEH WKH GHSHQGHQFH RI WKH H[SHULPHQWDOO\PHDVXUHG HPLVVLRQ
IUHTXHQF\RIWKHSRODULWRQVWDWHRQLWVH[FLWRQIUDFWLRQ7KHODWWHUGHSHQGVRQWKHH[FLWRQSKRWRQ
GHWXQLQJ G DQG YDFXXP 5DEL VSOLWWLQJ WKURXJK หܺ௞צୀ଴หଶ ൌ ଵଶ ൬ ? ൅ ఋඥఋమାሺ԰ఆబሻమ൰Ǥ 7R DYRLG DQ\
H[FLWDWLRQGHQVLW\GHSHQGHQWHQHUJ\VKLIWVRIWKHORZHUSRODULWRQEUDQFKZHSHUIRUPZKLWHOLJKW
DQJOHUHVROYHG UHIOHFWLYLW\PHDVXUHPHQWVDFURVV WKHDYDLODEOHGHWXQLQJ UDQJH:HILW WKH OLQHDU
SRODULWRQ GLVSHUVLRQV E\ YDU\LQJ WKH YDFXXP 5DEL VSOLWWLQJ DQG WKH H[FLWRQSKRWRQ GHWXQLQJ
ZKLOVW NHHSLQJ WKH H[FLWRQ HQHUJ\ DQG WKH HIIHFWLYH UHIUDFWLYH LQGH[ RI WKH LQWUDFDYLW\ OD\HU
FRQVWDQWVHH6HFWLRQ,,,LQ60)LJVFDQGGSORWWKHILWWHGYDOXHVRIYDFXXP5DELVSOLWWLQJ
DQGH[FLWRQSKRWRQGHWXQLQJYVWKHHQHUJ\RIWKHSRODULWRQVWDWH7KLVDQDO\VLVLQGLFDWHVWKDWWKH
YDFXXP 5DEL VSOLWWLQJ LV YLUWXDOO\ LQYDULDQW DFURVV WKH ZKROH VDPSOH DUHD DQG KDV DQ DYHUDJH
YDOXHRIPH9ZLWKWKHH[FLWRQSKRWRQGHWXQLQJVSDQQLQJWKHUDQJHPH9į%?>
@PH9)URPWKLVZHSORW WKHGHSHQGHQFHRIหܺ௞צୀ଴หଶRQWKHHQHUJ\RI WKHSRODULWRQ
VWDWHDVVKRZQLQ)LJH
8VLQJWKLVDSSURDFKZHFDQDOVRGHWHUPLQHWKHGHSHQGHQFHRIWKHPHDVXUHGHQHUJ\VKLIW'ERQหܺ௞צୀ଴หଶVKRZQLQ)LJ7KLVLQGLFDWHVWKDWWKHHQHUJ\VKLIWRIWKHSRODULWRQVRQFRQGHQVDWLRQ
KDVDVXEOLQHDUGHSHQGHQFHRQหܺ௞צୀ଴หଶDUHVXOWWKDWILUPO\SUHFOXGHVSDLUSRODULWRQVFDWWHULQJ
DV WKH XQGHUO\LQJ PHFKDQLVP IRU WKH REVHUYHG EOXHVKLIW DQG VXJJHVWV WKDW SRODULWRQH[FLWRQ
VFDWWHULQJ LV DOVRXQOLNHO\ KHUH WKH IRUPHU SURFHVVZRXOG UHVXOW LQ DTXDGUDWLFGHSHQGHQFHRQหܺ௞צୀ଴หଶDQGWKHODWWHURQDOLQHDUGHSHQGHQFHVHH(T

),*  7KH EOXHVKLIW  ?ܧ YHUVXV H[FLWRQ IUDFWLRQ 7KH GHSHQGHQFH RI WKH EOXHVKLIW RQ WKH H[FLWRQ IUDFWLRQ LV
FDOFXODWHG E\ ELQQLQJ WKH VFDWWHULQJ SORW VKRZQ LQ )LJ E DQG WDNLQJ LQWR DFFRXQW WKH GHSHQGHQFH RI H[FLWRQ
IUDFWLRQ RQ WKH JURXQG SRODULWRQ VWDWH HQHUJ\ )LJ H  %ODFN VROLG OLQH LV D ILW E\ VXEOLQHDU GHSHQGHQFH ?ܧ ? ቀห ௞ܺצୀ଴หଶቁଵ ଶ ? 
,Q WKH DEVHQFH RI SDLUSRODULWRQ LQWHUDFWLRQV DQG IRU D FRQVWDQW H[FLWRQ IUDFWLRQGHWXQLQJ DV
H[SUHVVHG E\ (T  ZH H[SHFW WKDW SRODULWRQH[FLWRQ LQWHUDFWLRQV VKRXOG OHDG WR D OLQHDU
HQHUJ\VKLIW ZLWK LQFUHDVLQJ H[FLWDWLRQ DQG WKXV H[FLWRQ GHQVLW\ $W FRQGHQVDWLRQ WKUHVKROG
VWLPXODWHG UHOD[DWLRQ IURP WKH H[FLWRQ UHVHUYRLU WR WKH SRODULWRQ JURXQGVWDWH ZRXOG OHDG WR D
FODPSLQJ RI WKH H[FLWRQ GHQVLW\ DQG WKHUHIRUH RI WKH HQHUJ\VKLIW +RZHYHU WR GDWH DOO QRQ
FU\VWDOOLQH VHPLFRQGXFWRU PLFURFDYLWLHV XQGHUJR D QHDUO\ VWHSZLVH LQFUHDVH RI SRODULWRQ
EOXHVKLIW DW FRQGHQVDWLRQ WKUHVKROG>±@ DV VKRZQ LQ)LJ G VXEMHFW WR WKHDFFXUDF\RI WKH
PHDVXUHG H[FLWDWLRQ GHQVLW\ 7KXV WKH VWHSZLVH GHSHQGHQFH SUHFOXGHV SRODULWRQH[FLWRQ
LQWHUDFWLRQV DV WKH GULYLQJ PHFKDQLVP IRU WKH REVHUYHG EOXHVKLIWV D FRQFOXVLRQ WKDW LV DOVR
FRUURERUDWHGE\WKHVXEOLQHDUGHSHQGHQFHRIWKHHQHUJ\VKLIWRQหܺ௞צୀ଴หଶ6XFKDFRQFOXVLRQLV
DOVRFRQVLVWHQWZLWKWKHKLJKGHJUHHRIORFDOL]DWLRQRI)UHQNHOH[FLWRQVRQDVLQJOHPROHFXOHDV
VXFKH[FLWRQORFDOL]DWLRQLVH[SHFWHGWRGUDPDWLFDOO\ZHDNHQ&RXORPEH[FKDQJHLQWHUDFWLRQVDQG
VXSSUHVVLQWHUSDUWLFOHVFDWWHULQJ
,QWKHIROORZLQJZHSURSRVHDQHZPHFKDQLVPWKDWGHVFULEHVWKHREVHUYHGEOXHVKLIWVEDVHGRQD
TXHQFKLQJRI WKH5DELVSOLWWLQJGXHWRWKHVDWXUDWLRQRIPROHFXODURSWLFDO WUDQVLWLRQV2ZLQJWR
WKH 3DXOLEORFNLQJ SULQFLSOH H[FLWHG LH RFFXSLHG VWDWHV FDQQRW EH ILOOHG WZLFH 7KHUHIRUH
RFFXSLHG VWDWHV GR QRW FRQWULEXWH WR WKH RSWLFDO DEVRUSWLRQ DW WKH H[FLWRQ UHVRQDQFH DQG
HIIHFWLYHO\UHGXFHWKH5DELVSOLWWLQJ>@WKURXJKWKHUHODWLRQ
԰ߗ ൌ ԰ߗ଴ට ? െଶ൫௡ೣା௡೛൯௡బ     
VHH WKH GHWDLOV LQ 60 VHFWLRQ 9+HUH (T GHVFULEHV WKH TXHQFKLQJRI WKHYDFXXP 5DEL
VSOLWWLQJ԰ߗ଴DVDIXQFWLRQRIWKHWRWDOQXPEHURIH[FLWDWLRQVQDPHO\WKHVXPRIH[FLWRQVDQG
SRODULWRQV ݊௫ ൅ ݊௣ ZKHUH ݊଴ LV WKH WRWDO QXPEHU RI PROHFXOHV FRQWULEXWLQJ WR WKH VWURQJ
FRXSOLQJ:HQRWHKHUH WKDWRQO\ D VPDOO IUDFWLRQRI H[FLWHGVWDWHPROHFXOHV LQ WKH LQWUDFDYLW\
OD\HU FRXSOH WR WKH FDYLW\ SKRWRQ DV KDV EHHQ GHVFULEHG E\ $JUDQRYLFK et al>@ 6LQFH WKH
RSWLFDOSXPSUHVXOWVLQDVDWXUDWLRQRIWKHPROHFXODURSWLFDOWUDQVLWLRQVWKDWFRQWULEXWHWRVWURQJ
FRXSOLQJ ZH H[SHFW D SDUWLDO TXHQFKLQJ RI WKH 5DEL VSOLWWLQJ DQ HIIHFW WKDW UHVXOWV LQ D
PHDVXUDEOHEOXHVKLIWRI WKH ORZHUSRODULWRQPRGHZLWK LQFUHDVLQJH[FLWDWLRQGHQVLW\ ,W LVFOHDU
KRZHYHUWKDW(TE\LWVHOIGRHVQRWUHVXOWLQWKHXELTXLWRXVVWHSZLVHLQFUHDVHRIWKHEOXHVKLIW
DW FRQGHQVDWLRQ WKUHVKROG EXW LQVWHDG SUHGLFWV D FRQWLQXRXV LQFUHDVH RI WKH EOXHVKLIW ZLWK
LQFUHDVLQJSDUWLFOHQXPEHU
7RH[SODLQWKHEOXHVKLIWGHSHQGHQFHZHFRQVWUXFWDPRGHOWKDWGLVWLQJXLVKHVEHWZHHQPROHFXOHV
WKDW KDYH D QRQ]HUR SURMHFWLRQ RI WKHLU RSWLFDO GLSROH PRPHQW DOLJQHG SDUDOOHO  ଴ܰצ DQG
SHUSHQGLFXODU ଴ܰୄ WRWKHOLQHDUSRODUL]DWLRQRIWKHH[FLWDWLRQODVHU:HDVVXPHWKDWXSRQQRQ
UHVRQDQW RSWLFDO H[FLWDWLRQ RQO\ SDUDOOHODOLJQHG PROHFXOHV DUH LQLWLDOO\ RFFXSLHG 7KHVH
PROHFXOHV FRQVWLWXWH DQ H[FLWRQ UHVHUYRLU  ௫ܰצ ZKRVH SRSXODWLRQ LV WKHQ GHSOHWHG WKURXJK L
HQHUJHWLF UHOD[DWLRQ WR WKH JURXQG SRODULWRQ VWDWH KDYLQJ WKH VDPH RSWLFDO DOLJQPHQW  ௣ܰצ LL
LQWHUPROHFXODUHQHUJ\WUDQVIHUWRSHUSHQGLFXODUDOLJQHGPROHFXOHVDVZHOODVWRRWKHUXQFRXSOHG
PROHFXOHV KDYLQJ VRPH RXWRISODQH SURMHFWLRQ RI WKH GLSROH PRPHQW ଴ܰൈ DQG LLL GHFD\ YLD
RWKHUQRQUDGLDWLYHFKDQQHOVߛேோ:HSURSRVHWKDWLQWHUPROHFXODUHQHUJ\WUDQVIHUIURPH[FLWRQ
UHVHUYRLU ௫ܰצ SRSXODWHV H[FLWRQ UHVHUYRLUV ௫ܰୄ  DQG ௫ܰൈ ZKRVH SRSXODWLRQV DUH LQ WXUQ GHSOHWHG
WKURXJKWKHVDPHHQHUJ\UHOD[DWLRQFKDQQHOVZLWKWKH ௫ܰୄ UHVHUYRLUFUHDWLQJSRODULWRQVKDYLQJDQ
RSWLFDODOLJQPHQWWKDWLVSHUSHQGLFXODUWRWKHH[FLWDWLRQODVHU ௣ܰୄ 
,Q GHQVHO\SDFNHG RUJDQLF ILOPV LQWHUPROHFXODU HQHUJ\ WUDQVIHU LV DQ HIILFLHQW SURFHVV WKDW
UHVXOWVLQWKHXOWUDIDVWGHSRODUL]DWLRQRIIOXRUHVFHQFH>@:KHQVXFKILOPVDUHHPEHGGHGLQD
VWURQJO\ FRXSOHG PLFURFDYLW\ LQWHUPROHFXODU HQHUJ\ WUDQVIHU EHORZ FRQGHQVDWLRQ WKUHVKROGV LV
HYLGHQFHG E\ D QHDU]HUR GHJUHH RI OLQHDU SRODUL]DWLRQ DV VKRZQ LQ )LJ H :LWK LQFUHDVLQJ
H[FLWDWLRQ GHQVLW\ DQG XSRQ FRQGHQVDWLRQ WKUHVKROG HQHUJ\ UHOD[DWLRQ WR WKH JURXQG SRODULWRQ
VWDWHEHFRPHVVWLPXODWHGUHVXOWLQJLQVXESLFRVHFRQGUHOD[DWLRQWLPHVLHVWLPXODWHGUHOD[DWLRQ
EHFRPHV IDVWHU WKDQ LQWHUPROHFXODU HQHUJ\ WUDQVIHU ,SVR IDFWR SRODULWRQ FRQGHQVDWLRQ RFFXUV
ZLWK RSWLFDO DOLJQPHQW SDUDOOHO WR WKH H[FLWDWLRQ ODVHU>@ 7KH LQWHUSOD\ EHWZHHQ VWLPXODWHG
UHOD[DWLRQ WR WKH JURXQG SRODULWRQ VWDWH DQG LQWHUPROHFXODU HQHUJ\ WUDQVIHU FDQ TXDOLWDWLYHO\
GHVFULEH WKH VWHSZLVH LQFUHDVH RI WKH GHJUHH RI OLQHDU SRODUL]DWLRQ DW FRQGHQVDWLRQ WKUHVKROG
H[SHULPHQWDOO\REVHUYHGKHUHLQ)LJH7KHTXHQFKLQJRILQWHUPROHFXODUHQHUJ\WUDQVIHUXSRQ
FRQGHQVDWLRQ WKUHVKROG HIIHFWLYHO\ LQFUHDVHV WKH RFFXSDWLRQ RI ଴ܰצPROHFXOHV ZKLFK LQ WXUQ
TXHQFKHVWKHFRUUHVSRQGLQJ5DELVSOLWWLQJ԰ߗצ ൌ ԰ߗ଴צඨ ? െଶ൫ேೣצ ାே೛צ ൯ேబצ DQGEOXHVKLIWVWKHJURXQG
SRODULWRQVWDWH ௣ܰצE\ȟ ൌ  ?  ? ? ൉ ሺܧ௫ ൅ ܧ௖ െ ඥሺܧୡ െ ܧ୶ሻଶ ൅ ሺ԰ȳצሻଶሻ െ ܧ୐୔୆଴ ZKHUHܧ௫ܧ௖  DUH
WKHHQHUJLHVRIWKHEDUHH[FLWRQDQGFDYLW\PRGHVUHVSHFWLYHO\DQGܧ௅௉஻଴ LVWKHHQHUJ\RIJURXQG
SRODULWRQVWDWHLQWKHOLPLWRIVPDOOH[FLWDWLRQQXPEHUVOLQHDUUHJLPH7KHFRPSHWLWLRQEHWZHHQ
VWLPXODWHG UHOD[DWLRQ WR WKH JURXQG SRODULWRQ VWDWH DQG LQWHUPROHFXODU HQHUJ\ WUDQVIHU
TXDOLWDWLYHO\SUHGLFWVWKHVDWXUDWLRQRIPROHFXODURSWLFDOWUDQVLWLRQVWKDWDUHRSWLFDOO\DOLJQHGZLWK
WKHH[FLWDWLRQODVHUDQGWKHFRQFRPLWDQWVWHSZLVHHQHUJ\VKLIWDWFRQGHQVDWLRQWKUHVKROGVKRZQ
LQ)LJG
7R TXDQWLWDWLYHO\ GHVFULEH WKH H[SHULPHQWDO GHSHQGHQFH RI WKH SRODULWRQ HPLVVLRQ LQWHQVLW\
HQHUJ\VKLIWDQGGHJUHHRIOLQHDUSRODUL]DWLRQZLWKLQFUHDVLQJH[FLWDWLRQGHQVLW\VKRZQLQ)LJV
FHZHIRUPXODWHWKHDERYHPRGHOLQWHUPVRIFRXSOHGUDWHHTXDWLRQIRUWKHGHWDLOVVHH60
6HFWLRQ9,݀ ଴ܰצǡୄǡൈሺݐሻ݀ݐ ൌ െܲצǡୄሺݐሻ ଴ܰצǡୄሺݐሻ ൅ ௣ܰצǡୄሺݐሻߛ௣ ൅ ௫ܰצǡୄǡൈሺݐሻߛேோ ൅ ௫ܰצǡୄǡൈሺݐሻ ?ߛ௫௫ െ ௫ܰൈǡצǡୄሺݐሻߛ௫௫െ ௫ܰୄ ǡൈǡצሺݐሻߛ௫௫݀ ௫ܰצǡୄǡൈሺݐሻ݀ݐ ൌ ܲצǡୄሺݐሻ ଴ܰצǡୄሺݐሻ െ ௫ܰצǡୄሺݐሻ൛ ௣ܰצǡୄሺݐሻ ൅  ?ൟߛ௫௣ െ ௫ܰצǡୄǡൈሺݐሻ ?ߛ௫௫ ൅ ௫ܰൈǡצǡୄሺݐሻߛ௫௫൅ ௫ܰୄ ǡൈǡצሺݐሻߛ௫௫ െ ௫ܰצǡୄǡൈሺݐሻߛேோ݀ ௣ܰצǡୄሺݐሻ݀ݐ ൌ ௫ܰצǡୄሺݐሻሼ ௣ܰצǡୄሺݐሻ ൅  ?ሽߛ௫௣ െ ௣ܰצǡୄሺݐሻߛ௣
ZKHUH ܲצǡୄሺݐሻ LV WKH WHUP FRUUHVSRQGLQJ SXOVHG RSWLFDO H[FLWDWLRQ LQ WKH FDVH RI OLQHDUO\
SRODUL]HG SXPS ܲୄሺݐሻ ൌ  ? ߛேோ ൌ  ?Ǥ ?  ?  ? ?଼ݏିଵ LV WKH QRQUDGLDWLYH GHFD\ UDWH RI WKH H[FLWRQ
UHVHUYRLUV ߛ௣ ൌ  ? ?ଵଷݏିଵ  LV WKH SRODULWRQ GHFD\ UDWH ߛ௫௫ ൌ  ?Ǥ ? ?  ?  ? ?ଵ଴ݏିଵ DUH GHFD\ UDWHV RI
LQWHUPROHFXODUHQHUJ\WUDQVIHUEHWZHHQ ௫ܰצ ௫ܰୄ DQG ௫ܰൈߛ௫௣ ൌ  ?Ǥ ? ? ?  ?  ? ?ହݏିଵ LVWKHUHOD[DWLRQ
UDWHIURPH[FLWRQUHVHUYRLUV ௫ܰצ ௫ܰୄ WRZDUGVWKHJURXQGSRODULWRQVWDWHV ௣ܰצ ௣ܰୄ UHVSHFWLYHO\
:HQRWHKHUHWKDWLQWKHHQHUJ\UHOD[DWLRQIURPWKHH[FLWRQUHVHUYRLUWRWKHJURXQGSRODULWRQVWDWH
ZH KDYH LQFOXGHG D VWLPXODWLRQ WHUP ௫ܰצǡୄሺݐሻሼ ௣ܰצǡୄሺݐሻ ൅  ?ሽߛ௫௣ 7KH VROLG OLQHV LQ )LJV FH
VKRZWKH UHVXOWRI WKHQXPHULFDO VLPXODWLRQVZKHUHZH ILQGJRRGTXDQWLWDWLYHDJUHHPHQWZLWK
WKHH[SHULPHQWDOREVHUYDWLRQVIRUPRUHLQIRUPDWLRQVHH6HFWLRQ9,LQ60:HQRWHKHUHWKDWE\
VZLWFKLQJ RII LQWHUPROHFXODU HQHUJ\ WUDQVIHU ߛ௫௫ ൌ  ? ZH REWDLQ D OLQHDU GHSHQGHQFH RI WKH
HQHUJ\VKLIWZLWKLQFUHDVLQJH[FLWDWLRQGHQVLW\WKDWVDWXUDWHVDERYHFRQGHQVDWLRQWKUHVKROG
8QOLNH LQRUJDQLF VHPLFRQGXFWRU PLFURFDYLWLHV WKDW EHDU :DQQLHU0RWW H[FLWRQV LQWHUSDUWLFOH
&RXORPEH[FKDQJHLQWHUDFWLRQVDUHYLUWXDOO\DEVHQWLQRUJDQLFPLFURFDYLWLHVGXHWRWKHORFDOLVHG
QDWXUHRI)UHQNHOH[FLWRQVLQPROHFXODUVHPLFRQGXFWRUV,QWKHDEVHQFHRI&RXORPELQWHUDFWLRQV
WKH RULJLQ RI EOXHVKLIWV LQRUJDQLF VHPLFRQGXFWRU PLFURFDYLWLHV DQG LQ SDUWLFXODU WKH VWHSZLVH
HQHUJ\VKLIWDWFRQGHQVDWLRQ WKUHVKROGKDV UHPDLQHGXQFOHDU:HDGGUHVVHG WKLVFRQXQGUXPE\
H[SHULPHQWDOO\LQYHVWLJDWLQJWKHFRQWULEXWLRQRIRSWLFDOO\LQGXFHGFKDQJHRIWKHLQWUDFDYLW\QRQ
OLQHDU UHIUDFWLYH LQGH[JDLQ LQGXFHGIUHTXHQF\SXOOLQJDQGTXHQFKLQJRI WKH5DELVSOLWWLQJDV
ZHOODVWKHUROHRISRODULWRQH[FLWRQDQGSRODULWRQSRODULWRQVFDWWHULQJLQWKHHQHUJ\VKLIWRIWKH
SRODULWRQPRGHDWFRQGHQVDWLRQWKUHVKROGLQVWURQJO\FRXSOHGPROHFXODUG\HPLFURFDYLWLHV:H
IRXQG WKDW DOWKRXJK WKH TXHQFKLQJ RI WKH 5DEL VSOLWWLQJ OHDGV WR D EOXHVKLIW ZLWK LQFUHDVLQJ
H[FLWDWLRQ GHQVLW\ WKH OLQHDU VDWXUDWLRQ RI PROHFXODU WUDQVLWLRQV FDQQRW H[SODLQ WKH VWHSZLVH
HQHUJ\VKLIW DW FRQGHQVDWLRQ WKUHVKROG :H DWWULEXWHG WKH RULJLQ RI WKH VWHSZLVH EOXHVKLIW
GHSHQGHQFH LQ RUJDQLF VHPLFRQGXFWRU PLFURFDYLWLHV WR LQWHUPROHFXODU HQHUJ\ WUDQVIHU 7KLV
XOWUDIDVW HQHUJ\ PLJUDWLRQ PHFKDQLVP LV RPQLSUHVHQW LQ GHQVHO\SDFNHG RUJDQLF ILOPV DQG
XQGHUOLHVWKHUDSLGGHSRODULVDWLRQRIWKHHPLVVLRQXSRQRSWLFDOH[FLWDWLRQV:HVKRZHGWKDWWKH
VWHSZLVH EOXHVKLIW RFFXUV DW FRQGHQVDWLRQ WKUHVKROG ZKHQ VWLPXODWHG UHOD[DWLRQ RI RSWLFDOO\
DOLJQHGH[FLWRQVWRWKHJURXQGSRODULWRQVWDWHH[FHHGVWKHUDWHRILQWHUPROHFXODUHQHUJ\WUDQVIHU
7KHLQWHUSOD\RILQWHUPROHFXODUHQHUJ\WUDQVIHUDQGVWLPXODWHGH[FLWRQUHOD[DWLRQSUHGLFWVDVWHS
ZLVH LQFUHDVH RI WKH GHJUHH RI OLQHDU SRODULVDWLRQ UHODWHG WR WKH VWHSZLVH EOXHVKLIW DW
FRQGHQVDWLRQWKUHVKROGWKDWLVDOVRH[SHULPHQWDOO\REVHUYHG:HFRQVWUXFWHGDVLPSOHPRGHORI
WKHWUDQVLHQWG\QDPLFVRIRSWLFDOO\DOLJQHGH[FLWRQVDQGSRODULWRQVWKDWUHSURGXFHVTXDOLWDWLYHO\
DQGTXDQWLWDWLYHO\WKHXELTXLWRXVVWHSZLVHEOXHVKLIWDWFRQGHQVDWLRQWKUHVKROGLQQRQFU\VWDOOLQH
RUJDQLFPLFURFDYLWLHV
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6HFWLRQ, 6DPSOHIDEULFDWLRQ 
$BODIPY-G1 neat films preparation
3RO\VW\UHQH 36 ZLWK DQ DYHUDJH PROHFXODU ZHLJKW RI 0Z §   ZDV GLVVROYHG LQ
WROXHQHDWPJP/IROORZLQJKHDWLQJDW&DQGVWLUULQJIRUPLQ%2',3<*
7HWUDPHWK\OSKHQ\OGLIOXRURERUDGLD]DLQGDFHQH ZDV WKHQ GLVSHUVHG LQWR WKH 36WROXHQH
LQHUW PDWUL[ VROXWLRQ DW  FRQFHQWUDWLRQ E\PDVV 7KH 36%2',3<* EOHQG ZDV VSLQFDVW
RQWRTXDUW]FRDWHGJODVVVXEVWUDWHVWRFUHDWHQHDW WKLQILOPVIRUDEVRUSWLRQSKRWROXPLQHVFHQFH
$6(DQGQRQOLQHDU=VFDQPHDVXUHPHQWV
%Microcavity fabrication.
7KHVWXGLHGPLFURFDYLWLHVXWLOL]HGGRXEOH'%5PLUURUVZLWKWKHERWWRP'%5KDYLQJSDLUV
RIDOWHUQDWHOD\HUVRI6L21E2DQGWKHWRS'%5KDYLQJSDLUV7KHGLHOHFWULFPDWHULDOVZHUH
GHSRVLWHG ZLWK DQ LRQDVVLVWHG HOHFWURQ EHDP 1E2 DQG UHDFWLYH VXEOLPDWLRQ 6L2 7KH
ERWWRPPLUURUZDVGHSRVLWHGRQDTXDUW]FRDWHGJODVVVXEVWUDWH$OD\HURI36%2',3<*ZDV
WKHQ VSLQFDVW RQ WRS RI WKH ERWWRP '%5 7KH WKLFNQHVV RI WKH RUJDQLF DFWLYH OD\HU ZDV
FRQWUROOHG YLD WKH URWDWLRQ VSHHG RI WKH VSLQ FRDWHU WR DFKLHYH Ȝ PLFURFDYLWLHV $ WKLFNQHVV
JUDGLHQW RFFXUULQJ IURP WKH VSLQ FDVWLQJ SURFHVV SHUPLWWHG GLIIHUHQW SKRWRQH[FLWRQ GHWXQLQJ
YDOXHV)RUWKHGHSRVLWLRQRIWKHWRS'%5WKHLRQJXQZDVNHSWWXUQHGRIIIRUWKHILUVWIHZOD\HUV
RI1E26L2WRDYRLGDQ\GDPDJHRQWKHRUJDQLFDFWLYHOD\HU

6HFWLRQ,,([SHULPHQWDOVHWXSV 
$Linear Spectroscopy
$EVRUSWLRQ $EV RI WKH EDUH %2',3<* WKLQILOP ZDV PHDVXUHG XVLQJ D )OXRURPD[ 
IOXRURPHWHU +RULED HTXLSSHG ZLWK D ;HODPS 3KRWROXPLQHVFHQFH 3/ RI WKH ILOP ZDV
PHDVXUHG XVLQJ DQ $QGRU 6KDPURFN &&' VSHFWURPHWHU IROORZLQJ  QP ODVHU GLRGH RSWLFDO
H[FLWDWLRQ)LJ6VKRZVQRUPDOL]HG$EVDQG3/VSHFWUDRIWKHQHDWQPWKLQILOP

),*61RUPDOL]HGDEVRUSWLRQEODFNDQGSKRWROXPLQHVFHQFHUHGVSHFWUDRIWKHEDUH%2',3<*WKLQ
ILOP

$ ILEHUFRXSOHG+DORJHQ'HXWHULXP ZKLWH OLJKW VRXUFH 2FHDQ 2SWLFV'+ZDVXVHG
IRU WKH DQJXODU UHIOHFWLYLW\ PHDVXUHPHQWV 7ZR PRWRUL]HG RSWLFDO UDLOV FRQQHFWHG WR WZR
FRQFHQWULF URWDWLRQ PRXQWV DOORZHG WKH LOOXPLQDWLRQ RI WKH VDPSOH DW GLIIHUHQW DQJOHV DQG WKH
FROOHFWLRQ RI WKH UHIOHFWHG ZKLWH OLJKW DFFRUGLQJO\ $Q DWWDFKHG ILEHU EXQGOH DW WKH HQG RI WKH
FROOHFWLRQRSWLFDO UDLOZDVXVHG WRGLUHFW OLJKW LQWR DQ$QGRU6KDPURFNFKDUJHFRXSOHGGHYLFH
&&'VSHFWURPHWHU7KHSRODULWRQPRGHVZHUHILWWHGZLWK/RUHQW]LDQFXUYHVLQRUGHUWRH[WUDFW
WKHHQHUJ\RIWKH/3%DQG83%DWGLIIHUHQWDQJOHV
%Single-pulse dispersion imaging
:H LQYHVWLJDWHG SRODULWRQ FRQGHQVDWH HPLVVLRQ XVLQJ  SV VLQJOH SXOVHV RSWLFDO H[FLWDWLRQ
IURPD7L6DSSKLUH ODVHU &RKHUHQW/LEUD+(ZKLFKZDV IUHTXHQF\GRXEOHG WKURXJKDEDULXP
ERUDWHFU\VWDOSURYLGLQJDZDYHOHQJWKRIQP7KHSXPSEHDPZDVIRFXVHGRQWRDVDPSOHE\
1LNRQ 3ODQ )OXRU ; PLFURVFRSH REMHFWLYH LQ  P SXPS VSRW VL]H DW ):+0
3KRWROXPLQHVFHQFH ZDV FROOHFWHG LQ WUDQVPLVVLRQ FRQILJXUDWLRQXVLQJ 0LWXWR\R3ODQ $SR;
PLFURVFRSH REMHFWLYH ZLWK D QXPHULFDO DSHUWXUH RI  7R EORFN WKH UHVLGXDO OLJKW IURP WKH
H[FLWDWLRQEHDPD6HPURFN/358ORQJSDVVILOWHUZDVXVHGLQWKHFROOHFWLRQSDWK)LOWHUHG
SKRWROXPLQHVFHQFH IURP D PLFURFDYLW\ ZDV FRXSOHG LQWR D  PP IRFDO OHQJWK VSHFWURPHWHU
3ULQFHWRQ ,QVWUXPHQWV 63 HTXLSSHG ZLWK DQ HOHFWURQ PXOWLSO\LQJ FKDUJHFRXSOHG GHYLFH
FDPHUD3ULQFHWRQ,QVWUXPHQWV3UR(0+6îJURRYHVPPíJUDWLQJDQGP
HQWUDQFHVOLWZHUHXVHGWRDFKLHYHDVSHFWUDOUHVROXWLRQRISP
&ASE measurements
$6(PHDVXUHPHQWVZHUHSHUIRUPHGXVLQJDQPSXOVHGODVHUZLWKSVSXOVHZLGWKDQG
 N+] UHSHWLWLRQ UDWH $  PP F\OLQGULFDO OHQV ZDV XVHG WR IRFXV WKH EHDP RQ WKH VDPSOH
FUHDWLQJDVWULSHH[FLWDWLRQSURILOHȝP[ȝP$6(HPLVVLRQIURPWKHQHDWQPWKLQ
ILOP ZDV GHWHFWHG IURP WKH HGJH RI WKH ILOP LQ D GLUHFWLRQ SHUSHQGLFXODU WR WKDW RI WKH
SURSDJDWLRQRI WKH LQFLGHQWSXPSEHDP $Q$QGRU6KDPURFN&&'VSHFWURPHWHUZDVXVHG WR
UHFRUG$6(VSHFWUD7KHSRZHUWKUHVKROGIRU$6(ZDVGHILQHGDW3 P:)LJ6VKRZV$6(
VSHFWUD UHFRUGHG LQ WKHFDVHRIEHORZ33WK GDVKHGFXUYHDQGDERYH3!3WK VROLGFXUYH
DPSOLILFDWLRQWKUHVKROG


),*6$PSOLILHGVSRQWDQHRXVHPLVVLRQ$6(RIWKHQHDWQPWKLQILOPEHORZ33WKGDVKHGFXUYHDQG
DERYH3!3WKVROLGFXUYHDPSOLILFDWLRQWKUHVKROG

'Z-scan measurements
:HVWXGLHG WZRWKLQILOPVRI%2',3<*LQSRO\VW\UHQHKRVWPDWUL[DQGSRO\VW\UHQHILOP
LWVHOIERWKQPWKLFNQHVV0HDVXUHPHQWVZHUHFDUULHGRXWXVLQJRSWLFDOSDUDPHWULFDPSOLILHU
&RKHUHQW 23HU$ 62/2 SXPSHG E\ KLJK HQHUJ\ 7LVDSSKLUH UHJHQHUDWLYH DPSOLILHU V\VWHP
&RKHUHQW/LEUD+(ZLWKWKHFHQWUDOZDYHOHQJWKHPLVVLRQDWQPFRLQFLGLQJZLWKWKHSKRWRQ
HQHUJ\RIWKHSDUWLFXODUSRODULWRQFRQGHQVDWHUHDOL]DWLRQ3XOVHGXUDWLRQDQGUHSHWLWLRQUDWHZHUH
 IV DQG  +] UHVSHFWLYHO\ 7KH EHDP ZDV WLJKWO\ IRFXVHG E\  PP IRFDOOHQJWK OHQV
UHVXOWLQJ LQ  P VSRW UDGLXV 'DWD DFTXLVLWLRQ ZDV SHUIRUPHG XVLQJ 6L SKRWRGHWHFWRUV
7KRUODEV'HW0FRQQHFWHGZLWKDQRVFLOORVFRSH.H\VLJKW'62;7)LJ6GHSLFWVD
VNHWFK RI WKH H[SHULPHQWDO VHWXS ZKHUH 3' DQG 3' DUH SKRWRGHWHFWRUV UHFRUGLQJ RSHQ DQG
FORVHGDSHUWXUHVLJQDOVUHVSHFWLYHO\3'LVDUHIHUHQFHSKRWRGHWHFWRU7KHVDPSOHLVSODFHGRQ
WKH PRWRUL]HG WUDQVODWLRQ VWDJH 7KRUODEV 7UDYHO0D[  PP GULYHQ E\ 7KRUODEV  PP
7UDSH]RLGDO6WHSSHU0RWRU'ULYH

),* 6 6FKHPDWLF RI RSHQ DQG FORVHG DSHUWXUH =VFDQ VHWXS 3' DUH 6L SKRWRGHWHFWRUV WKH VDPSOH LV
SODFHGRQWKHPRWRUL]HGWUDQVODWLRQVWDJHPRYLQJDORQJ]D[LV

6HFWLRQ,,,'DWDDQDO\VLV
$Polariton dispersion relations 
,Q RUGHU WR UHFRQVWUXFW SRODULWRQ GLVSHUVLRQ UHODWLRQV ZH FRPELQH DQJXODU GHSHQGHQW
UHIOHFWLYLW\ DQG SKRWROXPLQHVFHQFH GDWD )LJ E VKRZV H[FHOOHQW DJUHHPHQW RI WKH ORFDO
VSHFWUDO PLQLPD H[WUDFWHG IURP WKH DQJXODU GHSHQGHQW UHIOHFWLYLW\ ZLWK E,kGLVWULEXWLRQ RI
SKRWROXPLQHVFHQFH :HH[WUDFWHGYDFXXP 5DEL VSOLWWLQJ DQG H[FLWRQFDYLW\ PRGHGHWXQLQJE\
ILWWLQJWKHUHVXOWLQJGLVSHUVLRQUHODWLRQVXVLQJDFRXSOHGKDUPRQLFRVFLOODWRUPRGHOGHVFULEHGE\
WKH+DPLOWRQLDQ
ܪ෡ ൌ ൮ ܧ௑ ˱ߗ଴ ?˱ߗ଴ ? ܧ஼ ൲
+HUH ܧ஼ ൌ ா಴ሺ଴ሻටଵି௦௜௡మሺఈሻ ௡೐೑೑మൗ  LV DQ DQJXODU GHSHQGHQW FDYLW\ SKRWRQ PRGH ݊௘௙௙ ൌ  ?Ǥ ? ? LV WKH
HIIHFWLYHUHIUDFWLYHLQGH[RIWKHFDYLW\ܧ஼ሺ ?ሻLVWKHFXWR*甀 HQHUJ\RIWKHFDYLW\PRGHYDULDEOH
SDUDPHWHUܧ௑ ൌ  ?Ǥ ? ? ?ܸ݁LVH[FLWRQHQHUJ\HLJHQVWDWHS1,0 ˱ఆబଶ LVWKHLQWHUDFWLRQSRWHQWLDORIWKH
H[FLWRQFDYLW\ SKRWRQ PRGH FRXSOLQJ IRU WKH S0,0 ĺ S1,0  VLQJOHWVLQJOHW PROHFXODU WUDQVLWLRQ
YDULDEOH SDUDPHWHU )URP WKH DERYH +DPLOWRQLDQ RQH FDQ JHW VWDQGDUG H[SUHVVLRQV IRU XSSHU
83%DQGORZ/3%SRODULWRQEUDQFKHVLQWKHIROORZLQJH[SOLFLWIRUPܧ௎௉஻ǡ௅௉஻ ൌ  ? ?ቀܧ஼ ൅ ܧ௑ േ ඥߜଶ ൅ ሺ¾ߗ଴ሻଶቁ
ZKHUHߜ ൌ ܧ஼ െ ܧ௑LVWKHH[FLWRQSKRWRQGHWXQLQJDQG˱ߗ଴LVWKHYDFXXP5DELVSOLWWLQJ
$ SRODULWRQ ZDYHIXQFWLRQ LQ WHUPV RI EDUH SKRWRQ DQG H[FLWRQ VWDWHV FDQ EH H[SUHVVHG DV
IROORZV ߰௣௢௟ ൌ ȁܺȁଶ߰௑ ൅ ȁܥȁଶ߰஼
ZKHUHȁܺȁଶDQGȁܥȁଶDUH+RSILHOGFRHIILFLHQWVUHODWHGWRDQH[FLWRQLFDQGSKRWRQLFFRQWULEXWLRQV
UHVSHFWLYHO\+RSILHOGFRHIILFLHQWVFDQEHIRXQGIURP
ȁܥȁଶǡ ȁܺȁଶ ൌ  ? ?ቆ ? േ ߜඥߜଶ ൅ ሺ¾ߗ଴ሻଶቇ

%Binning
7KHELQQLQJSURFHGXUHIRUWKHVLQJOHUHDOL]DWLRQVRIWKHSRODULWRQHQHUJ\VKLIWGHSLFWHGDVWKH
VFDWWHULQJSORWLQ)LJEKDYHEHHQFDUULHGRXWE\6WXUJHUXOH$FFRUGLQJWRWKHUXOHDQXPEHU
RIELQVLV݇ ൌ  ? ൅ ݈݋ଶ݃ሺ݊ሻZKHUHnLVWKHWRWDOQXPEHURIREVHUYDWLRQV7DNLQJLQWRDFFRXQWWKH
QXPEHURIH[SHULPHQWDOUHDOL]DWLRQVHTXDOVZHJHWk LHELQVWKDWFRUUHVSRQGVWR
ELQ ZLGWK RI  PH9 LQ WHUPV RI HQHUJ\ 7KH VDPH DSSURDFK LV UHOHYDQW WR GHSHQGHQFH RI
HQHUJ\VKLIW RQ WKH H[FLWRQ IUDFWLRQ ,W UHVXOWV LQ  ELQV RI  ELQ ZLGWK LQ WHUPV RIหܺ௞צୀ଴หଶǤ

6HFWLRQ,9([WUDFWLRQRIQRQOLQHDUVXVFHSWLELOLW\IURP=VFDQPHDVXUHPHQWV
7R HVWLPDWH LQWUDFDYLW\ LQWHQVLW\ ZH UHFRUGHG D UHDO VSDFH LPDJH RI HPLVVLRQ IURP 0&
FRUUHVSRQGLQJ SRODULWRQ FRQGHQVDWH E\ XVLQJ D VLQJOH SXOVH LPDJLQJ WHFKQLTXH ,QLWLDOO\ ZH
FDOLEUDWHWKH(0&&'FDPHUDZLWKDQPIVODVHUSXOVHZLWKNQRZQVLQJOHSXOVHHQHUJ\
JHQHUDWHG IURP &RKHUHQW 23HU$ 62/2 )ROORZLQJ WKDW ZH PHDVXUHG WKH SXOVH HQHUJ\ ௖ܹ RI
RXWJRLQJ HPLVVLRQ IURP WKH 0& DW WKH SRODULWRQ FRQGHQVDWLRQ 3SXPSa 3WK 7DNLQJ LQWR
DFFRXQW WKH UHDO VSDFH SURILOH RI WKH FRQGHQVDWH ݎ ൌ  ?ߤ ݉ WKH SXOVH HQHUJ\ ௖ܹ ൌ  ?Ǥ ?݌ܬ  DQG
SRODULWRQOLIHWLPH߬ ൌ  ? ? ?݂ݏZHDVVHVVWKHRXWJRLQJHPLVVLRQLQWHQVLW\DVܫ଴ ൌ  ?  ? ܹ௖߬  ? ߨ  ? ݎଶ ؆  ?Ǥ ?  ?  ? ?଻ ܹ ܿ݉ଶ ? 
,QWUDFDYLW\ILHOGLVSUHVHQWHGE\DVWDQGLQJHOHFWURPDJQHWLFZDYHZLWKGHFD\LQJRVFLOODWLRQVE?௖ሺݐǡ ݔሻ ൌ E ?௖ሺݔሻ  ? ݁ݔ݌ ൬െ߱௖ݐܳ ൰  ? ݁ݔ݌ሺെ݅߱௖ݐሻ
ZKHUHܳLVWKHTXDOLW\IDFWRURIWKH0&߱௖LVWKHFDYLW\HLJHQIUHTXHQF\DQGE?௖ሺݔሻUHSUHVHQWV
WKH VSDWLDO ILHOG GLVWULEXWLRQ 7KH PD[LPXP LQWUDFDYLW\ LQWHQVLW\ LV UHDFKHG DW ݐ ൌ  ? LQ WKH
DQWLQRGHRIWKHVWDQGLQJZDYHܫ௖ ൌ ቚE?௖ ቀ ?ǡ௅೎ଶ ቁቚଶZKHUHܮ௖ ൌ ఒ೎ଶ௡LVWKHFDYLW\OHQJWK
)RUWKHVDNHRIVLPSOLFLW\ZHFRQVLGHUDV\PPHWULFFDYLW\ZLWKWZRLGHQWLFDO'%5VZLWKWKH
VDPHUHIOHFWDQFHR7KHUHIRUHWKHRXWJRLQJLQWHQVLW\ܫ଴UHFRUGHGDORQJWKHRQHGLUHFWLRQRIWKH
0&HPLVVLRQLVFRXSOHGZLWKWKHLQWUDFDYLW\LQWHQVLW\ܫ௖DVܫ଴ ؆ ሺ ? െ ሻܴ  ?ூ೎ସ ZKLFKLVHTXLYDOHQW
WRܫ௖ ؆  ? ܳ ߨ ?  ? ܫ଴7KHSUHIDFWRUDSSHDUVIURPEILHOGRIWKHVWDQGLQJZDYHZKLFKLVDVXPRI
WZR HTXLYDOHQW EXW FRXQWHU SURSDJDWLQJ ZDYHV E?௖ ൌ E ?ା ൅ E ?ି  7DNLQJ LQWR DFFRXQW D TXDOLW\
IDFWRU RI WKH 0& LV ܳ ൌ ఒ ?ఒ ൌ  ? ? ? RQH FDQ FDOFXODWH LQWUDFDYLW\ LQWHQVLW\ ܫ௖ LV HTXDO WR  ?Ǥ ?  ? ? ?ଽ ܹ ܿ݉ଶ ? 
,Q RUGHU WR H[WUDFW LPDJLQDU\ DQG UHDO SDUWV RI QRQOLQHDU VXVFHSWLELOLW\ ߯ሺଷሻ IURP =VFDQ
PHDVXUHPHQWV ZH ILWWHG WKH GDWD E\ ZHOOHVWDEOLVKHG DQDO\WLF H[SUHVVLRQV IRU QRUPDOL]HG
WUDQVPLWWDQFHGHULYHGIURPWKHVROXWLRQRIQRQOLQHDUZDYHHTXDWLRQLQWKHSDUD[LDODSSUR[LPDWLRQ
IRUD*DXVVLDQEHDP>@:HH[WUDFWLPDJLQDU\SDUWRIQRQOLQHDUVXVFHSWLELOLW\ܫ݉ൣ߯ሺଷሻ൧IURP
RSHQDSHUWXUH=VFDQFXUYHVE\XVLQJWKHIROORZLQJHTXDWLRQ
௢ܶ௣௘௡ሺݖሻ ൌ ෍ ൫െߚܫ଴ܮ௘௙௙൯௠൬ ? ൅ቀ ݖݖோቁଶ൰௠ ሺ݉ ൅  ?ሻଷଶ
ஶ
௠ୀ଴ 
ZKHUH ܫ଴ ൌ  ?Ǥ ? ? כ  ? ?ଵଵ ௐ௖௠మ ± RQD[LV SHDN LQWHQVLW\ RI WKH H[FLWHG (ILHOG LQ IRFXV ݖ ൌ ?ǡ ݎ ൌ  ?ǡ ݐ ൌ  ? ܮ௘௙௙ ൌ ൫ଵି௘షഀಽ൯ఈ  ± HIIHFWLYH WKLFNQHVV RI WKH ILOP ߙ ൌ  ? ? ?Ǥ ? ?ܿ݉ିଵ ± OLQHDU
DEVRUSWLRQ FRHIILFLHQW ܮ ൌ  ? ? ?݊ ݉ ± WKLFNQHVVRI WKH ILOP ݖோ ൌ  ?݉ ݉ LV 5D\OHLJK OHQJWK RI
LQFLGHQW *DXVVLDQ EHDP ߚ ± QRQOLQHDU DEVRUSWLRQ FRHIILFLHQW ZKLFK LV WKH RQO\ YDULDEOH
SDUDPHWHU
7KH EHVW ILW UHVXOW LV VKRZQ LQ )LJ D >UHG FXUYH@ RI WKH PDLQ PDQXVFULSW 1RQOLQHDU
DEVRUSWLRQ FRHIILFLHQW LV HTXDO WR ߚ ൌ  ?Ǥ ? ?  ?  ? ?ିଽ FP: DFFRUGLQJ WKH ILWWLQJ SURFHGXUH 7KH
UHDO SDUW RI QRQOLQHDU VXVFHSWLELOLW\ ܴ݁ൣ߯ሺଷሻ൧ LV H[WUDFWHG IURP FORVHGDSHUWXUH =VFDQ FXUYHV
XVLQJZHOONQRZQDQDO\WLFH[SUHVVLRQEHORZ
௖ܶ௟௢௦௘ௗሺݖሻ ൌ  ? ൅  ?ߨߣ ܮ௘௙௙݊ଶܫ଴ ቀ ݖݖோቁ൬ቀ ݖݖோቁଶ ൅  ?൰ ൬ቀ ݖݖோቁଶ ൅  ?൰
ZKHUHߣ ൌ  ? ? ?݊ ݉LVWKHZDYHOHQJWKRIWKHEHDP݊ଶLVWKHQRQOLQHDUUHIUDFWLYHLQGH[ZKLFK
LVWKHRQO\YDULDEOHSDUDPHWHU:HH[WUDFWSRVLWLYHQRQOLQHDUUHIUDFWLYHLQGH[݊ଶ ൌ  ?Ǥ ? ?  ?  ? ?ିଵସ
FP:IURPWKHILWWLQJRIH[SHULPHQWDOGDWDDVSORWWHGLQ)LJE
)LQDOO\ZHH[SUHVVWKHQRQOLQHDUUHIUDFWLYHLQGH[݊ଶDQGDEVRUSWLRQFRHIILFLHQWߚLQWHUPVRI
UHDODQGLPDJLQDU\SDUWRIWKLUGRUGHUVXVFHSWLELOLW\>@
߯ሺଷሻ ൌ  ?Ǥ ? ? ൈ  ? ?ିଶ଴ ൅ ݅  ?  ?Ǥ ? ? ൈ  ? ?ିଶ଴ ቊ݉ଶܸଶ ቋ ൌ  ?Ǥ ? ? ൈ  ? ?ିଵଶ ൅ ݅  ?  ?Ǥ ? ? ൈ  ? ?ିଵଶሼ݁ݏݑሽ

6HFWLRQ90LFURVFRSLFPRGHORIWKHTXHQFKLQJRIWKH5DELVSOLWWLQJ
7KH RULJLQ RI WKH QRQOLQHDU RSWLFDO FRXSOLQJ EHWZHHQ D FDYLW\ PRGH DQG )UHQNHO H[FLWRQV
FRPHV IURP WKH REVHUYDWLRQ WKDW H[FLWRQV FRUUHVSRQG WR ERVRQV RQO\ LQ WKH OLPLW RI VPDOO
H[FLWDWLRQQXPEHUV7KLVLVHDV\WRVHHLQWKHFDVHRI)UHQNHOH[FLWRQVZKHUHHDFKH[FLWDWLRQFDQ
EHGHVFULEHGE\ WKH3DXOL FUHDWLRQ DQQLKLODWLRQRSHUDWRUߪ௝ାሺߪ௝ି ሻZKLFKDUH WZROHYHO UDLVLQJ
DQG ORZHULQJRSHUDWRUVDFWLQJDW WKHVLWH j7KHFRUUHVSRQGLQJߪ௝௭ RSHUDWRU WKHQGHVFULEHV WKH
SUHVHQFH RI DQ H[FLWDWLRQ DNLQ WR GHQVLW\ RSHUDWRU ,Q WKH OLPLW ZKHQ WKH WRWDO QXPEHU RI
H[FLWDWLRQV nT LV PXFK OHVV WKDQ WKH WRWDO QXPEHU RI WKH VLWHV n0 RQH FDQ SHUIRUP +ROVWHLQ
3ULPDNRIIWUDQVIRUPDWLRQFROOHFWLYHH[FLWDWLRQIRUWKHHQVHPEOHRIWZROHYHOV\VWHPVEHFRPHVD
ERVRQ DQG WKH V\VWHP FRQVLVWLQJ RI D FDYLW\ SOXV DQG DFWLYH RUJDQLF PDWHULDO FDQ EH QLFHO\
GHVFULEHG E\ WKH PRGHO RI WZR FRXSOHG ERVRQLF PRGHV +RZHYHU RQFH WKH H[FLWDWLRQ SRZHU
JURZV DQG FRQGLWLRQ nT>>n0 GRHV QRW KROG DQ\ PRUH WKH HIIHFWV RI WKH VDWXUDWLRQ RI WKH
DEVRUSWLRQVWDUWWRSOD\UROHDQGVLPSOHPRGHORIWZRFRXSOHGRVFLOODWRUVEUHDNVGRZQ
7R EXLOG WKH PLFURVFRSLF PRGHO FRUUHVSRQGLQJ WR WKLV UHJLPH ZH GHVFULEH D GHORFDOL]HG
)UHQNHO H[FLWRQ LQ WKH PRPHQWXPVSDFH IRUP XVLQJ WKH )RXULHU WUDQVIRUPHG RSHUDWRUV ߪ௞ା ൌଵ௡బ  ? ߪ௝ା݁௜E?E?E?௡೐௝ୀଵ ZKHUHk LV DQ LQSODQHZDYHYHFWRU IRU WKH H[FLWRQ DQG WKHGHQVLW\RSHUDWRU LV
GHILQHG WKURXJK FRPPXWDWLRQ UHODWLRQV ሾߪ௞ାǢ ߪ௞Ʋ௭ ሿ ൌ െ ?ߪ௞ା௞Ʋା  ሾߪ௞ି Ǣ ߪ௞Ʋ௭ ሿ ൌ  ?ߪ௞ି௞Ʋି  7KH
+DPLOWRQLDQIRU)UHQNHOH[FLWRQVFRXSOHGWROLJKWUHDGVܪ෡଴ ൌ  ? ?෍ ܧ௑ሺ݇ሻߪ௞௭ ൅ ෍ ܧ஼ሺ݇ሻܽ௞ାܽ௞ ൅ ԰݃ ෍ ሺߪ௞ାܽ௞ ൅ ߪ௞ି ܽ௞ାሻ௞ ௞ ௞ 
ZKHUHWKHILUVWWHUPGHVFULEHVH[FLWRQVZLWKGLVSHUVLRQܧ௑ሺ݇ሻWKHVHFRQGWHUPFRUUHVSRQGVWRWKH
FDYLW\PRGHZLWKGLVSHUVLRQܧ஼ሺ݇ሻDQGWKHODVWWHUPGHVFULEHVOLJKWPDWWHUFRXSOLQJWHUPZLWK
FKDUDFWHULVWLF FRQVWDQW g 7KH RSHUDWRUV ܽ௞ାሺܽ௞ሻ FRUUHVSRQG WR ERVRQLF FUHDWLRQ DQQLKLODWLRQ
RSHUDWRUVRIWKHTXDQWL]HGHOHFWURPDJQHWLFFDYLW\PRGH
7R GHVFULEH WKH RSWLFDO UHVSRQVH RI WKH V\VWHP ZH FDOFXODWH WKH *UHHQ¶V IXQFWLRQ RI D FDYLW\
SKRWRQ>@ۃۦܽ௞ȁܽ௞ାۧۄ௧ ൌ െ݅ߠሺݐሻۃሾܽ௞ሺݐሻǢ ܽ௞ାሺ ?ሻሿۄZKHUHLQGH[WPHDQVWKDWZHZRUNLQWKHWLPH
GRPDLQ DQG WKH WLPH GHSHQGHQW RSHUDWRUV ܽ௞ሺݐሻ FDQ EH UHDGLO\ REWDLQHG IURP WKH +HLVHQEHUJ
HTXDWLRQVRIPRWLRQ:HWKHQSHUIRUPWKH)RXULHUWUDQVIRUPRIۃۦܽ௞ȁܽ௞ାۧۄ௧DQGJHWWKHIROORZLQJ
HTXDWLRQ ሺ԰߱ െ ܧ௖ሺ݇ሻሻۃۦܽ௞ȁܽ௞ାۧۄఠ ൌ  ? ൅ ԰ ݃ۃۦߪ௞ି ȁܽ௞ାۧۄఠ
+HUH WKH ODVW WHUP DSSHDUV GXH WR WKH OLJKWPDWWHU FRXSOLQJ ,Q D VDPH ZD\ WKH HTXDWLRQ RI
PRWLRQ IRUSURSDJDWRU IRU ۃۦߪ௞ି ȁܽ௞ାۧۄఠ FDQEHGHULYHG DQG WKH V\VWHPRI WKHHTXDWLRQV FDQEH
FORVHGE\SHUIRUPLQJ:LFNGHFRXSOLQJDWWKHPHDQILHOGOHYHOZKLFK\LHOGV෍ ൣሺ԰߱ െ ܧ௑ሺ݇ሻሻሺ԰߱ െ ܧ஼ሺ݇ሻሻߜ௞ǡ௞Ʋ െ  ?԰ଶ݃ଶۃߪ௞ି௞Ʋ௭ ۄ൧ۃۦܽ௞Ʋȁܽ௞Ʋା ۧۄఠ௞ ൌ  ?
7KHVSHFWUXPFDQEHGHILQHGIURPWKHSROHVRIWKH*UHHQIXQFWLRQFRUUHVSRQGLQJWRWKH]HURHVRI
WKH GHWHUPLQDQW RI WKH V\VWHP 7KLV JLYHV WKH IROORZLQJ HTXDWLRQ IRU WKH GLVSHUVLRQV RI WKH
SRODULWRQPRGHV ܧ௎௉஻ǡ௅௉஻ሺ்݊ሻ ൌ  ? ?ቀܧ஼ ൅ ܧ௑ േ ඥሺܧ஼ െ ܧ௑ሻଶ ൅ ԰ଶȳଶሺ்݊ሻቁ
:KHUH WKH FKDUDFWHULVWLF YDFXXP 5DEL VSOLWWLQJGHFUHDVHVZLWK LQFUHDVHRI WKH WRWDO QXPEHURI
H[FLWDWLRQVLQWKHV\VWHPGXHWRWKHHIIHFWVRIWKHVDWXUDEOHDEVRUSWLRQDQGUHDGV
԰ȳሺ்݊ሻ ൌ  ?԰ ඥ݃݊଴ െ  ?்݊ ൌ ԰ȳ଴ඨ ? െ ?்݊݊଴ 
ZKHUHȳ଴ ൌ  ? ඥ݃݊଴LVFKDUDFWHULVWLFYDFXXP5DELVSOLWWLQJLQWKHOLQHDUUHJLPH்݊ ൌ ݊௫ ൅ ݊௣LV
WKH WRWDO QXPEHU RI H[FLWDWLRQ QDPHO\ VXP RI H[FLWRQV DQG SRODULWRQV 1RWH WKDW DV H[SHFWHG
YDFXXP5DELVSOLWWLQJGHFUHDVHVZLWKLQFUHDVHRIWKHQXPEHURIWKHH[FLWDWLRQVDQGEHFRPHV]HUR
ZKHQKDOIRIWKHPROHFXOHVEHFRPHH[FLWHG

6HFWLRQ9,1XPHULFDOVLPXODWLRQV
1XPHULFDO VLPXODWLRQV DUH EDVHG RQ WKH UDWH HTXDWLRQV GHULYHG IRU WKH PROHFXOHV ZLWK
SDUDOOHODOLJQHGGLSROHPRPHQW ଴ܰצDQGZLWKRUWKRJRQDORSWLFDODOLJQPHQW ଴ܰୄ ǡ ଴ܰൈ)LJ6VKRZV
VFKHPDWLFRIPROHFXODU WUDQVLWLRQVDQG UHOD[DWLRQSDWKVRI H[FLWHG VWDWHV FRQVLGHUHGZLWKLQ WKH
PRGHO

),*66FKHPDWLFRIWKHPROHFXODUWUDQVLWLRQVDQGUHOD[DWLRQSDWKVRIH[FLWHGVWDWHVFRQVLGHUHGZLWKLQWKH
PRGHO
([SOLFLWO\WKHUDWHHTXDWLRQVDUHH[SUHVVHGDVIROORZV݀ ଴ܰצሺݐሻ݀ݐ ൌ െܲצሺݐሻ ଴ܰצሺݐሻ ൅ ௣ܰצሺݐሻߛ௣ ൅ ௫ܰצሺݐሻߛ୒ୖ ൅ ௫ܰצሺݐሻ ?ߛ௫௫ െ ௫ܰൈሺݐሻߛ௫௫ െ ௫ܰୄ ሺݐሻߛ௫௫݀ ଴ܰୄ ሺݐሻ݀ݐ ൌ ௣ܰୄ ሺݐሻߛ௣ ൅ ௫ܰୄ ሺݐሻߛ୒ୖ ൅ ௫ܰୄ ሺݐሻ ?ߛ௫௫ െ ௫ܰצሺݐሻߛ௫௫ െ ௫ܰൈሺݐሻߛ௫௫݀ ଴ܰൈሺݐሻ݀ݐ ൌ ௫ܰൈሺݐሻߛ୒ୖ ൅ ௫ܰൈሺݐሻ ?ߛ௫௫ െ ௫ܰୄ ሺݐሻߛ௫௫ െ ௫ܰצሺݐሻߛ௫௫݀ ௫ܰצሺݐሻ݀ݐ ൌ ܲצሺݐሻ ଴ܰצሺݐሻ െ ௫ܰצሺݐሻ൛ ௣ܰצሺݐሻ ൅  ?ൟߛ௫௣ െ ௫ܰצሺݐሻ ?ߛ௫௫ ൅ ௫ܰൈሺݐሻߛ௫௫ ൅ ௫ܰୄ ሺݐሻߛ௫௫െ ௫ܰצሺݐሻߛ୒ୖ݀ ௫ܰୄ ሺݐሻ݀ݐ ൌ െ ௫ܰୄ ሺݐሻ൛ ௣ܰୄ ሺݐሻ ൅  ?ൟߛ௫௣ െ ௫ܰୄ ሺݐሻ ?ߛ௫௫ ൅ ௫ܰצሺݐሻߛ௫௫ ൅ ௫ܰൈሺݐሻߛ௫௫ െ ௫ܰୄ ሺݐሻߛ୒ୖ݀ ௫ܰൈሺݐሻ݀ݐ ൌ െ ௫ܰൈሺݐሻ ?ߛ௫௫ ൅ ௫ܰୄ ሺݐሻߛ௫௫ ൅ ௫ܰצሺݐሻߛ௫௫ െ ௫ܰൈሺݐሻߛ୒ୖ݀ ௣ܰצሺݐሻ݀ݐ ൌ ௫ܰצሺݐሻሼ ௣ܰצሺݐሻ ൅  ?ሽߛ௫௣ െ ௣ܰצሺݐሻߛ௣݀ ௣ܰୄ ሺݐሻ݀ݐ ൌ ௫ܰୄ ሺݐሻሼ ௣ܰୄ ሺݐሻ ൅  ?ሽߛ௫௣ െ ௣ܰୄ ሺݐሻߛ௣
7KHSXPSWHUPܲሺݐሻFRUUHVSRQGVWRWKH OLQHDUO\SRODUL]HGSVSXOVHGQRQUHVRQDQWRSWLFDO
H[FLWDWLRQ ZLWK *DXVVLDQ WHPSRUDO SURILOH (IIHFWLYH QRQUDGLDWLYH GHFD\ UDWH RI WKH H[FLWRQ
UHVHUYRLUV ߛேோ ൌ  ?Ǥ ?  ?  ? ?଼ݏିଵ  LV FDOFXODWHG IURP NQRZQ YDOXHV RI TXDQWXP \LHOG DQG WRWDO
OLIHWLPH RI H[FLWHG VWDWHV DFFRUGLQJ WR >@ 7KH UDWHV RI LQWHUPROHFXODU HQHUJ\ WUDQVIHU
FRUUHVSRQGLQJ GHSRODUL]DWLRQ SURFHVVHV DUH WDNHQ IURP WLPHUHVROYHG SRODUL]DWLRQ DQLVRWURS\
PHDVXUHPHQWV$FFRUGLQJWRWKHVWXG\>@SRODUL]DWLRQGHFD\WLPHIRUWKHPDWHULDOLVOHVVWKDQ
SV OLPLWHG E\ WKH VHWXS WLPHUHVROXWLRQ WKXV ZH XVH WKH UHDVRQDEOH YDOXH RI ߛ௫௫ ൌ  ?Ǥ ? ?  ? ? ?ଵ଴ݏିଵ 3RODULWRQ OLIHWLPH KDV EHHQ FDOFXODWHG IURP WKH IXOO ZLGWK DW KDOI PD[LPXP RI WKH
HPLVVLRQOLQHZLGWKEHORZWKHWKUHVKROGQPDVIVVRWKDWWKHGHFD\UDWHLVHTXDOߛ௣ ൌ ? ?ଵଷݏିଵ UHJDUGOHVVRSWLFDODOLJQPHQWVLQFHWKHJURXQGSRODULWRQVWDWHLVGHJHQHUDWHIRU7(70
PRGHVDW݇ ? ?
:HHVWLPDWHGWRWDOG\HGHQVLW\NtotLQWKHFDYLW\DV ?Ǥ ?  ?  ? ?ଶ଴PROHFXOHVSHUFPXVLQJ%HHU
/DPEHUW ODZ WDNLQJ LQWR DFFRXQW H[SHULPHQWDO YDOXHV RI WKH ILOP WKLFNQHVV /    QP
DEVRUEDQFHDWQPܣ ൌ  ?Ǥ ? ?PRODUH[WLQFWLRQUDWLRɂ ൌ  ? ? ? ? ?>@DQGPROHFXODUZHLJKW
RI WKHG\H0 +RZHYHUWKHRQO\VPDOOIUDFWLRQRIPROHFXOHVUDQGRPO\GLVWULEXWHGLQ
WKH FDYLW\ XQGHUJRHV VWURQJ OLJKWPDWWHU LQWHUDFWLRQ :H LQWURGXFH D FRXSOLQJ FRHIILFLHQW Fc  
GHILQLQJWKHGHQVLW\RIFRXSOHGPROHFXOHVDV ଴ܰצ ൌ ଴ܰୄ ൌ ܨ௖  ? ௧ܰ௢௧7KHFRXSOLQJFRHIILFLHQWFc
DV ZHOO DV H[FLWRQWRSRODULWRQ UHOD[DWLRQ UDWHVߛ௫௣ DUH WKHYDULDEOHSDUDPHWHUV:H LPSRVH DQ
H[SHULPHQWDO FULWHULRQ IRU WKHP VDWLVI\LQJ SRODULWRQ FRQGHQVDWLRQ WKDW DSSHDUV DW WKH H[FLWRQ
GHQVLW\LQRIWKHWRWDOG\HGHQVLW\Ntot. :HDVVXPHWKDWERWKH[FLWRQUHVHUYRLUVH[KLELWWKH
VDPH H[FLWRQWRSRODULWRQ GHFD\ UDWH ߛ௫௣ ZKLFK LV UHDVRQDEOH DSSUR[LPDWLRQ VLQFH WKH JURXQG
SRODULWRQ VWDWH LV IXOO\ GHJHQHUDWH LQ WHUPV RI SRODUL]DWLRQ DQG WKH PROHFXOHV DUH UDQGRPO\
GLVWULEXWHGRYHUWKHFDYLW\YROXPH%\DSSO\LQJWKHIROORZLQJERXQGDU\FRQGLWLRQV
଴ܰצሺݐ ൌ  ?ሻ ൌ ଴ܰୄ ሺݐ ൌ  ?ሻ ൌ ଴ܰൈሺݐ ൌ  ?ሻ ൌ ܨ௖  ? ௧ܰ௢௧ 
௫ܰצሺݐ ൌ  ?ሻ ൌ ௫ܰୄ ሺݐ ൌ  ?ሻ ൌ ௫ܰൈሺݐ ൌ  ?ሻ ൌ ௣ܰצሺݐ ൌ  ?ሻ ൌ ௣ܰୄ ሺݐ ൌ  ?ሻ ൌ  ?
ZHVLPXODWHGWKHWRWDOWLPHLQWHJUDWHG3/DVDIXQFWLRQRISXPSSRZHU
ܲܮ ൌ නሼ ௣ܰצሺݐሻ ൅ ௣ܰୄ ሺݐሻሽ்଴ ݀ݐ
ZKHUHDQXSSHUERXQGRIWKHQXPHULFDOLQWHJUDWLRQT = 3߬ ߬ = 4 ns HIIHFWLYHOLIHWLPHRIH[FLWHG
VWDWHV RI WKH G\H PROHFXOH>@ LV XVHG WR HQVXUH UHOLDEOH UHVXOWV DV IRU EHORZ DQG DERYH WKH
FRQGHQVDWLRQWKUHVKROG
:HILWWKHH[SHULPHQWDOGHSHQGHQFHRIWKHLQWHJUDWHG3/RQWKHSXPSSRZHUE\XVLQJWKHPRGHO
ZLWKܨ௖DQGߛ௫௣DUHEHLQJYDULDEOHSDUDPHWHUV)LJF>EODFN@RIWKHPDLQPDQXVFULSWVKRZV
WKHEHVWILWUHVXOWZKHUHܨ௖ ൌ  ?Ǥ ? ? ?DQGߛ௫௣ ൌ  ?Ǥ ? ? ?  ?  ? ?ହݏିଵ
7KHHQHUJ\RIWKHJURXQGSRODULWRQVWDWHKDVEHHQFDOFXODWHGQXPHULFDOO\XVLQJWLPHGHSHQGHQW
H[FLWRQDQGSRODULWRQGHQVLWLHV ௫ܰצǡୄሺݐሻǡ ௣ܰצǡୄሺݐሻIURPWKHUDWHHTXDWLRQVܧ௅௉஻צǡୄ ሺݐሻ ൌ  ?  ? ? ൉ ሺܧ௫ ൅ ܧ௖ െ ඥሺܧୡ െ ܧ୶ሻଶ ൅ ሼ԰ȳצǡୄሺݐሻሽଶሻ
ZKHUHܧ௫ ൌ  ?Ǥ ? ? ?ܸ݁DQGܧ௖ ൌ  ?Ǥ ? ? ?ܸ݁DUHWKHHQHUJLHVRIWKHEDUHH[FLWRQDQGFDYLW\PRGHV
UHVSHFWLYHO\ ԰ȳצǡୄሺݐሻ ൌ ԰ȳ଴צǡୄඨ ? െ  ?ேೣצǡ఼ሺ௧ሻାே೛צǡ఼ሺ௧ሻேబצǡ఼  LV WKH TXHQFKHG YDFXXP 5DEL VSOLWWLQJ԰ȳ଴צǡୄ ൌ  ? ? ?݉݁ܸ LV WKHDYHUDJHYDFXXP5DELVSOLWWLQJPHDVXUHGDFURVV WKHGHWXQLQJUDQJHDW
WKHOLPLWRI]HURRFFXSDQF\
7R FRPSDUH WKH UHVXOW RI PRGHOOLQJ ZLWK H[SHULPHQWDOO\ REVHUYHG YDOXHV ZH FDOFXODWHG WLPH
LQWHJUDWHGEOXHVKLIW
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ܧ௅௉஻் ൌ ܧ௅௉஻צ  ? ?ܲܮ න ௣ܰצሺݐሻ்଴ ݀ݐ ൅ ܧ௅௉஻ୄ  ? ?ܲܮ න ௣ܰୄ ሺݐሻ்଴ ݀ݐ
)LJ G RI WKH PDLQ PDQXVFULSW GHPRQVWUDWHV TXDQWLWDWLYH DJUHHPHQW RI WKH WKHRU\ ZLWK
H[SHULPHQWDO GDWD ,W LV ZRUWK QRWLQJ LQ )LJ G ZH SORW UHODWLYH EOXHVKLIW GHILQHG DV  ?ܧ ൌܧ௅௉஻ȁ௉ െ ܧ௅௉஻ȁ௉ୀ଴Ǥ଼௉೟೓DVH[WUDFWHGIURPH[SHULPHQWDOGDWD
7RGHPRQVWUDWHWKHUROHRIWKH(7LQWKHSRODULWRQG\QDPLFVZHSXUSRVHO\IRUELGWKHSURFHVVHVRI
HQHUJ\PLJUDWLRQEHWZHHQH[FLWRQUHVHUYRLUVDVVXPLQJߛ௫௫ ൌ  ?)LJ6VKRZVWKHHQHUJ\RIWKH
JURXQGSRODULWRQVWDWHSUHGLFWHGE\WKHPRGHOZLWKUHGVROLGFXUYHDQGZLWKRXWLQWHUPROHFXODU
HQHUJ\WUDQVIHUEODFNGDVKHGFXUYH

),*67KHJURXQGSRODULWRQVWDWHHQHUJ\YHUVXVUHODWLYHSXPSSRZHU33WKVLPXODWHGQXPHULFDOO\XVLQJWKH
PRGHOZLWKUHGVROLGFXUYHDQGZLWKRXWLQWHUPROHFXODUHQHUJ\WUDQVIHUEODFNGDVKHGFXUYH

,Q RUGHU WR PRGHO GHJUHH RI OLQHDU SRODUL]DWLRQ '/3 ZH XVHG WLPHGHSHQGHQW SDUDOOHO DQG
SHUSHQGLFXODU DOLJQHG SRODULWRQ GHQVLWLHV ௣ܰצሺݐሻ DQG ௣ܰୄ ሺݐሻ  UHVSHFWLYHO\ 6LQFH ZH XVH
KRUL]RQWDOO\SRODUL]HGRSWLFDOH[FLWDWLRQWLPHLQWHJUDWHG'/3KDVEHHQFDOFXODWHGLQDFFRUGDQFH
ZLWKWKHIROORZLQJH[SUHVVLRQ
ܦܮܲ ൌ ׬ ሼ ௣ܰצሺݐሻ െ ௣ܰୄ ሺݐሻሽ଴் ݀ݐ׬ ሼ ௣ܰצሺݐሻ ൅ ௣ܰୄ ሺݐሻሽ଴் ݀ݐ
)LJHRIWKHPDLQPDQXVFULSWVKRZVWKHUHVXOWRIQXPHULFDOVLPXODWLRQRI'/3YHUVXVSXPS
SRZHU 1RWH WKH FRQGHQVDWH DERYH WKH WKUHVKROG IROORZV KRUL]RQWDO SRODUL]DWLRQ DV LQLWLDOO\
LQGXFHGE\WKHSXPSEHDP
